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1. Motivation 3. Main results

e Target manifold geometry is identifiable ]

Theorem 1: Let 0, = (/,, P ) and 6, = (f,, P ) be equivalent models
(Py = Py ) with the associated pullback metrics g, and g,,. Then the

Applied scientists rely on the latent space to make
scientific discoveries

, Problem ’ is an isometry:
Latent space is not identifiable (PCA VAEs, NFs, CNFs) H(A, )€, =&,  *#denotes the pushforward
This makes lengths of curves, angles, volumes, Ricci curvature tensor,
_Current solutions | L geodesics, logarithmic and exponential maps identifiable. =~~~
Disregard geometry, foeus on parameters, constrain Corollary 1: Let 8, = (f,, P;) and 6, = (f;,, P ) be equivalent models with
L the model, require extra labeled data J pullback metrics g, and g,. Pick X;and X, € % then the geodesic distance
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- between the latent codes, 7] —f_l(xl) and z;, = f, 1()(2) is identifiable:
f : ]
| Key observation | ) d (Zlazz) — d ( z9), 29)) = d (Z »Zz)

Exploration of the latent space is often relational

. where geodesic distance is defined to be length of curve y € fo with the
(based on distances, angles, etc.) J g Y

lowest energy satisfying y(0) = z{ and (1) = z1

" OUR SOLUTION | 1 4, (2, 2%) = me 7@, d
IDENTIFIABLE GEOMETRIC RELATIONS IN THE ) r Jo ’
LATENT SPACE
by respecting target manifold geometry @~
2. Problem setup
: ——— Q Euclidian means flat, no matter how we get it ]
e Deep latent variable models and Identlflab“'ty ] Corollary 2: Let Z  be a latent space, f, a decoder and g (proportionally)
Deep latent variable models learn densities of data X € & induced Euclidean metric. If we discard the pullback g, and use g, then geometric
® by latent variables Z € Z relations can only be identifiable if f (£ ) = ./ is assumed flat.

Euclidean identifiability through multiple views [4,5] and model

o Identifiable model uniquely determines latent variables Z from data restrictions [6] carries an implicit assumption of a flat target manifold.

e Indeterminacy transformations are maps between any pair of latent

spaces of equivalent models leaving density of X unchanged 4 Experiments

\ TL:DR Definitions [
ST A . Demonstrated reliable distances in the latent space |
Model parameters define the density of data: py(X) = [ p(x|z)p,dz eFor each dataset: \

. 1. Pick 100 point pairs from test set

_ S _ ) Z . 2. Train different 30 models
by decoder function f and the latent distribution P, leading to 6 = (f, P.,) @ For each point pair:
AR @ For each model:
, _ . i « Measure the and distances
Two parameterizations 8, = (f,, PZ) and 0, = (f,,, PZ) are equivalent if ¢ ror each distance measure:
oL . . - - _ : mean over 30 measurements
= p, leading to the equivalence class [0] = {6" = Dy, X a.e. } ++ Compute coefficient of variation  cvieeint pain = G- ge oo ore 30 measurements Y
p 0, — P o, 9 . [ ] p 0 =P 0" « Return coefficients of variation for the and Geodesic between two points
distances for 100 point pairs in 2D latent spacefor MNIST model
e e Theory validated if show lower coefficient of variation
< .. “//’\ . .
sy © Injective decoder models (MNIST & CIFAR10) ]
~ R fb - 0.30 - Distance measures 0.25 - Distance measures
fa 3 Geodesic 1 Geodesic
f\ 020 1 Euclidean 0.20 [ Euclidean
/ 4 :PQb £ . 0.10 - AT .
| | 0.05 = 0.05 = |_|
oo | m||||‘|ﬁrﬂ.—. 0 [ . R IHﬂ. H}I‘HHTI‘.H -
. . . Coefﬁcwnt i . . 0.00 0.01 0.02 0C ngﬁCiOe .r?télof V(; .r(i)Ztiono.06 0.07 0.08
All mdetermmacy transformations between two QNOn'injeCtive decoder models (FMNIST & CelebA) ]
parameterizations a.e. equal to [1]. o -
0.150 - M _ Distance measures Distance measures
Latent space geometry THEIEE=E 0 B G
. 0.125 - 1 Euclid 0.25 — (\ 1 Euclid
Pullback metric represents metric structure of manifold #Z € & wrt. 0.100 - / 0.20 -
local coordinates in latent space Z . Given two small perturbations N T
around z, Az, Az,, we recover it by: } Ii | | | ‘ﬂr
2 _ 2 o | ) -
Hf( + Azl) f( + Azz) ” Hf( ) + J AZ]‘_f( ) - J AZQ'H 0'0000.000 O.(;OS O.(;10 0.015 0.020 O.(;25\_r IOIOISO | 0.035 O'000.00 O.I02 0.04 0.06 OIOIE; _I OTO B OI12I_I
Coefficient of variation Coefficient of variation

= (Az, — AZQ)TJTJ (Az; — Az,)
= (Az| — Azz)Tg( )(Az, — Az,)

Histograms of coefficients of variation for the two datasets. Geodesic distance measure shows a
narrower distribution with lower mean.

5. Conclusions

o Otrong theoretical identifiability guarantees learned geometry of target
manifold. Identifiable geodesic distances and other geometric relations.

® Post hoc. method: no extra data, model restrictions or special training

where g(7) denotes the pullback metric that ateach z € £

e Compatible with domain specific metrics and modern architectures

Refer

[1] Xi, Q & BI m Reddy, B.. (2023). Indeterminacy in Gen t e Models: Char. riza and Strong Identifiability. Proceedings of The 26th International Conference on Artificial Intelligence and Statistics, in Proceedings of Machine
Lear nlngR h206 6912 6939 Available from https //p d g s.mir.pre /206/ 23 html

[2] Syrota, S M M z, P. & Hauberg, S.. (2024). Dec semblin gf r learned latent geometries. Proceedings of the Geometry-grounded Representation Learning and Generative Modeling Workshop (GRaM), in Proceedings of
Machine Lea gR h251 277-285 Available fro mhttp //p eedin g mI r.pre /251/ syrota24a htmI

[3] Brehmer J & Cra m r, K. (2020). Flows for simultaneous ma f IdI ing a dd nsity es tm tion. Adva ral information processing systems, 33, 442-453.

[4]Gresele, L R benstei P K., Mehrjou, A., Locatello, F &S holkopf, B. (2020 August). The mpI ete tt t p oblem: Identifia bIty results for multi-view nonlinear ica. In Uncertainty in Artificial In t I/g ce (pp. 217-227). PMLR.
[5] Locate II F Poole, B R tsch, G., Sc h Ik opf, B B h em, O., & Tschannen, M. (2020 Nov mb er). Wea kIy p rvised disentanglement without compromises. In International conference n machine learning (pp. 6348-6359). PMLR.
[6] Khema kh em, |., Kingma, D., Monti, R., & Hyvarinen, A. (2020, J ne). Var t nal autoencoders and nonlin ca: A unifying framework. In International conference on artificial intelligence and statistic (pp 2207-2217). PMLR.




