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Abstract

Aligning two models without paired data requires a distance that both share, yet
existing methods use Euclidean or spherical geometry. This is either an arbitrary
choice or imposed by their loss function. We show that, under a precise form of
the manifold hypothesis, the pullback of the data metric gives such a distance for
any two models of one data-generating process. This holds whether the models
are encoders, decoders or both, and whatever their architecture, loss, prior or
training data. The alignment map preserves this distance and the distribution
of representations, and is identifiable if and only if the data distribution breaks
every symmetry of the data manifold. We show that this symmetry breaking holds
generically. Identifiability makes the alignment coupling the unique optimum of
Gromov—Wasserstein and of its weighted combinations with a linear program. The
linear program alone has the same optimum if almost every data point has a distinct
distribution of distances. The coupling, and with it the alignment mayp, is recovered
exactly from permuted samples, even without identifiability, and consistently from
independent ones. Our method, Neural Gromov—Monge Alignment (NGMA), uses
no pairs or labels and outperforms every unpaired and label-informed baseline.
It relies on pullback distances to align image models with different priors and
single-cell models trained on disjoint cells, where Euclidean distances fail.

1 Introduction

Building multimodal foundation models [Merullo et al., 2023], sharing knowledge across data-privacy
walls [Lotfollahi et al., 2022], and auditing proprietary vector-database security [Jha et al., 2025] all
rely on learning an alignment map between two representation spaces, which sends the representation
of each data point in one space to the representation of the same data point in the other. With
paired data, this is a regression problem. Without pairs, individual representations are meaningless
in absolute terms. What remains in each space are the relative distances between points and their
distribution, which unpaired methods use to recover the alignment.

This idea rests on the Platonic representation hypothesis [Huh et al., 2024], which posits that
independently trained models converge to the same similarity structure on the data, defined as a
kernel on pairs of data points computed from their representations. Given two sets of representations,
unpaired methods therefore learn a map that matches the kernels, in the hope that it is the alignment.

Recent methods align text encoders whose loss function places the representations on a sphere [Wang
and Isola, 2020, Jha et al., 2025, Dar, 2025], where equal kernels make the alignment map a rotation.
Their cross-modal counterpart [Schnaus et al., 2026] extends this to vision encoders by imposing a
spherical geometry on their representations before alignment. The advances therefore predominantly
cover one family of loss functions and two modalities, and whether they extend beyond these is an
open problem. The case to settle first is a single modality under arbitrary loss functions, which any
account of representational convergence must pass before it can extend across modalities.

The immediate problem is that both signals, the relative distances and the distribution of the represen-
tations, depend on the choice of geometry. Intuitively, leveraging them requires a distance tied to the
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intrinsic geometry of the data, invariant to arbitrary modelling choices. Unfortunately, the field almost
universally assumes the Euclidean or spherical geometry for the representations, which the data
do not necessarily determine. Standard contrastive losses build the sphere into training [Wang and
Isola, 2020]. Balestriero and LeCun [2026] prove that, at their optimum, whitened joint-embedding
predictive architectures (JEPAs) trained on the same finite set of data points with the same positive
pairs share a metric, but only on those points, not on their generating distribution. In both cases,
the loss function sets the geometry, so models trained with different loss functions need not share
it. For general loss functions, models can freely reparameterise their representations, which distorts
Euclidean distances [Syrota et al., 2025, Hauberg, 2018].

More fundamentally, the literature offers no general account of why trained models should share a
similarity structure and what that structure is. Without one, we cannot say how the alignment map is
defined, whether a map that matches the kernels is unique, or whether its recovery is well-posed.

In this paper, we show that aligning two models of the same data without pairs is well-posed only
when both representations induce the same metric on the data. A formalised manifold hypothesis
defines this metric, and treating models as charts of the data manifold defines the alignment map. With
this metric, the map is uniquely identifiable if and only if the data distribution breaks the symmetries
of the underlying manifold, a condition we prove holds generically. We turn this identifiability into
recovery guarantees by casting the problem as transporting one distribution of representations onto
the other while preserving pairwise distances. Finally, we instantiate our theory as an architecture-
agnostic alignment method for representations of the same dimension. Figure 1 visualises the main
contributions of the paper, the relationships between them and how they are presented.

Section 2 states the metric manifold hypothesis (H1) and treats each model as a chart of the data
manifold (model coordinates, H2), so the alignment map is a coordinate change. It preserves latent
distances only if both models assign the same distances to data points, as the pullback of the data
metric always does. With the distribution of representations, each latent space becomes a metric
measure space (mm-space) [Gromov, 1999, Sturm, 2006], and the alignment map an isomorphism.

Section 3 shows that A is identifiable, the only isomorphism between the latent mm-spaces, if and
only if no isometry of the data manifold other than the identity preserves the data distribution. This
symmetry breaking (C1) depends on the data-generating process alone and holds generically.

Section 4 recovers A by fitting a map to a coupling of the samples. Under C1, the coupling uniquely
solves a non-convex transport problem [Mémoli, 2011]. Under distinguishable points (C2), a linear
program finds the same optimum. We show that fused GW, which combines the two, keeps the
unique optimum under C1 without requiring C2. Recovery is exact when both models encode the
same observations and consistent for independent samples.

Section 5 instantiates the theory as Neural Gromov—Monge Alignment (NGMA), which computes the
coupling with entropic optimal transport solvers [Peyré et al., 2016, Cuturi, 2013] and fits a map that
preserves the pullback metric. Section 6 tests each claim on the sphere and on image and single-cell
models. NGMA outperforms unpaired and label-informed baselines, and the pullback geometry is
what makes it work across priors and training cells.

Section 2: Alignment and shared metric Section 3: Identifiability under C1
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Figure 1: Outline of Sections 2—4: the setting, identifiability and recovery from samples.



2 The metric manifold hypothesis defines the alignment and latent geometry

Representation learning is often motivated by the manifold hypothesis [Bengio et al., 2013], which
posits that the high-dimensional data concentrates near a lower-dimensional submanifold of the
observation space. This idea has proven effective in, e.g., learning causal representations [Scholkopf
et al., 2021], biological mechanisms [Lopez et al., 2018], text embeddings [Mikolov et al., 2013], and
image generation [Rombach et al., 2022].

Each of these successes uses the learned structure as a space. Clusters are found through distances,
latent codes are interpolated along paths, and the representations of two models are compared by how
far apart their points lie. All of this implicitly requires the data manifold to be connected, so that
any two points are joined, and compact, so that distances stay bounded. It also requires the data to
cover the manifold, since a model learns only the part of it that the data reach. Our metric manifold
hypothesis (H1) states these assumptions explicitly.

Metric manifold hypothesis (H1). Observations  ~ Py lie in X = RP, equipped with a
Riemannian metric gX , Euclidean unless stated otherwise. We further assume:
(i) Data concentrate near a submanifold M C X of dimension dim M < D that is smooth,
compact and connected, possibly with a boundary [Fefferman et al., 2016, Niyogi et al., 2008].
(i1) The noise-free data follow a distribution P, with a smooth positive density on M.

(iii) Each observation x has a unique nearest point 7 (z) on M, and it is the noise-free point x
came from. This holds when noise moves points perpendicular to M by less than its reach,
the largest distance within which every point has a unique nearest point on M [Federer,
1959, Aamari et al., 2019].

Distances on M are measured with the restriction g of g**. The resulting shortest-path distance
d s 1s finite because M is connected and bounded because it is compact. Compactness also makes
the reach positive, so (iii) allows noise of positive size. Projecting the observations onto M recovers
the noise-free data (Remark B.1), so Py is the distribution of 7(x) for  ~ Py, the pushforward
w4 Px. A metric space with a probability measure is a metric measure space, or mm-space [Gromov,
1999, Sturm, 2006]. We call (M, d g, Pr) the data mm-space.

What it means for a model to represent this structure is also usually left implicit. Using latent distances
as distances between data points presupposes that distinct data points have distinct representations
and that nearby representations belong to nearby data points. Identifiability theory assumes this
explicitly [Hyvirinen and Pajunen, 1999, Khemakhem et al., 2020, Xi and Bloem-Reddy, 2023,
Syrota et al., 2025]. Our model coordinates hypothesis states it precisely:
Model coordinates (H2). A model provides coordinates on M through a parameterisation, a
diffeomorphism f: Z — M from a latent space Z of the same dimension onto M, that is, a
smooth bijection with a smooth inverse. Then Z inherits the compactness, connectedness and
boundary of M. A parameterisation can be built from either an encoder or a decoder (Lemma B.2):
(1) A decoder dec: R? — X, injective with a Jacobian of rank ¢ and image containing M. Then
f = dec |z is a parameterisation on Z := dec™ (M) if Z is compact.
(ii) Anencoder enc: X — R? with enc = enc | o o 7, injective on M with a Jacobian of rank
dim M there. Then f = (enc | )" is a parameterisation on Z := enc(M).
Since dim M is unknown, decoders usually have ¢ > dim M, and compactness of Z keeps neigh-
bouring data points from having distant representations. We write f,, f; for the parameterisations
of two models and Z,, Z;, for their latent spaces. Two models of the same data are two coordinate
systems on one manifold, and aligning them is changing coordinates.

Definition 2.1 (Alignment map). Under H1-H2, the alignment map A: Z, — Zj is:
A=fy" o fa M
A sends each representation in model a to the representation of the same data point in model b.

Although A has a closed form, it cannot be evaluated from unpaired samples and must be inferred
from distances and distributions. Both depend on the geometry, and since A only changes coordinates,
it preserves a geometry only if both models measure the same distances on the data manifold M.

Proposition 2.2 (A shared data metric). Under HI-H2, let d,, and dy be metrics on Z, and Zy. The
alignment preserves them, dy,(A(z), A(2")) = do(z,2') for all z, 2" € Z,, if and only if both models



assign the same distance to every pair of data points,
do(fa (@), () = do(f, " (2), £, ' (v))  Sorallw,y € M.

Euclidean or spherical latent distances satisfy this condition only when A extends to a rigid motion,
which is what the methods of Section 1 assume and what the data alone do not guarantee. Balestriero
and LeCun [2026] prove that at the optimum, whitened JEPAs trained alike on the same data points
share a Euclidean metric on them. This metric satisfies Proposition 2.2, but only models trained with
the same loss on the same data points share it.

Latent metric measure spaces. By Proposition 2.2, the metric has to be one that both models induce
on M regardless of their training, and M already carries a canonical one, d 4, from H1. Each
model reaches it through its own Jacobian, via the pullback metric g, (u,v) := g™ (df,u, dfv),
written fg™. The length d, of the shortest curve in Z, under g, then satisfies d,(z,2') =
dp(fa(2), fa(2')). We pair it with the distribution of the representations, P, := (f; )4 Pa, and
likewise for b. Two mm-spaces are isomorphic if a bijection between them preserves distances and
carries one measure onto the other. By construction, f, is such an isomorphism from the latent

mm-space (Z,,d,, P,) onto the data mm-space, and so is f,. Composing the two gives a key result:

Proposition 2.3. Under HI-H2, the alignment map is an isomorphism of the latent mm-spaces.

Unlike the Euclidean metric of whitened JEPAs, the pullback metric is shared by any two models
satisfying H2, whatever their architecture, loss function or training points.

3 Identifiability of the alignment map

Proposition 2.3 tells us to search for an isomorphism of the latent mm-spaces, but not whether the
search will find A. Without pairs, the samples reveal only distances and distributions, which every
such isomorphism, including A, matches. If several exist, the search may return any of them. We
call A identifiable if it is the only isomorphism. Since both latent mm-spaces inherit their geometry
from the data mm-space, identifiability is a property of the data-generating process rather than of
the models, and we show that it holds generically.!

To illustrate when multiple isomorphisms exist, we build a running example of three data mm-
spaces, each the sphere S? C R? with the round metric and a different distribution (Figure 2). The
hypersphere is the geometry that contrastive losses [Wang and Isola, 2020] and alignment methods
[Schnaus et al., 2026] impose on representations, even when the data manifold itself is not a sphere.
The example therefore mirrors such models, but all results hold for any data mm-space satisfying the
metric manifold hypothesis (H1).

On each sphere, we take two parameterisations, f, = id and f;, = R~ for a fixed rotation R, so
model b represents every data point rotated by I and the alignment map is A = f,~ Yo f, =R.
Rotations preserve the round metric, so the latent mm-spaces (52, dg2, P) and (S2,dg>, R4 P) are
isomorphic. For the uniform distribution, P = P,;s (Figure 2, left), every rotation .S other than
the identity moves points but leaves the distances between them and their distribution unchanged.
The map f,” 16 S o f, = RS is then an isomorphism of the latent mm-spaces just like A, and the

I A property is generic if an arbitrarily small change can make it hold and no small change can break it. An example is
invertibility of square matrices, where a small change of the entries makes a singular matrix invertible and keeps an invertible
one invertible. Formally, it holds on an open and dense set.

Uniform One vMF @ Generic mixture

(S%,ds2, Punit) (82, dg2, Pomr) (52,dg2, Pumix)

S € Aut = O(3) S € Aut = 0O(2) @ S e Aut = {id}
Symmetry breaking (C1)x Symmetry breaking (C1) x Symmetry breaking (C1)v’

Figure 2: Three data mm-spaces on the round sphere, with the symmetries S that preserve each

distribution (olive), the vMF centres (teal, area proportional to weight) and iso-density contours. O(3)
consists of all isometries of the sphere, and O(2) of those that fix the vMF centre.



search may return either. Concentrating the data around one point with a von Mises—Fisher (vMF)
distribution P,y [Fisher, 1953] rules out some of these symmetries (middle), and the mixture Ppix
of three vMF distributions rules out the rest (right), so A is the only isomorphism (Appendix B.4).

A symmetry of the data mm-space is a bijection S: M — M that preserves distances and Py,
and the symmetries form the automorphism group Aut(M, dpq, Prg). Each symmetry S yields an
isomorphism f,~ 16 S o f, that is inseparable from the alignment map without pairs, but differs from
A unless S is the identity. The following condition ensures that A is identifiable:

Symmetry breaking (C1). The identity is the only symmetry of the data mm-space.
It is also necessary, since every isomorphism of the latent mm-spaces comes from a symmetry:

Proposition 3.1. Under HI-H2, the isomorphisms of the latent mm-spaces are exactly the maps
fb_1 oS o fowithS € Aut(M,dp, Pam), so A is identifiable if and only if C1 holds.

The condition may seem demanding, since the uniform sphere already violates it. Yet symmetric
densities are the exception on any data manifold:

Proposition 3.2. Fix M and g™. The densities in Cy (M) for which the data mm-space satisfies
C1 form an open, dense subset in the C* topology.

A symmetry S is fragile, because the density p of Py must satisfy p o S = p at every point. An
arbitrarily small bump at a point that .S moves, but not at its image, breaks .S. On the sphere, a first
vMF bump on P, ,;+ breaks every symmetry that moves its centre. The rotations about its axis and the
reflections in planes containing it remain, as for P,y (Figure 2, middle). A second, smaller bump
off that axis breaks these rotations, and only the reflection in the plane through both centres remains.
A third, even smaller bump off that plane breaks this reflection, which maps the third centre to a
point without a bump (right). On any M, well-placed bumps lower the dimension of the continuous
symmetries until none remain. Since the isometry group of M is compact, finitely many symmetries
are left, and one more bump breaks each. Densities that satisfy C1 are therefore dense (Appendix B).

Conversely, densities that satisfy C1 form an open set, because a small change cannot create a
symmetry. Every isometry of the sphere far from the identity changes the density of P,,;x somewhere
by at least a fixed amount. A small rotation changes it at a rate set by the slope of the density along
the rotation, which is nonzero since no rotation preserves Ppix. A perturbation whose values and
slope stay well below this amount and this rate, such as a slight shift of a centre, creates no symmetry.
On any M, the argument uses only that the isometries form a compact Lie group, like O(3).

The pullback metric is what makes identifiability a property of the data-generating process alone.
With Euclidean or spherical distances, A preserves them only if A is a rigid motion, which limits
alignment to models trained with the same dot-product loss (Section 2). Even then, A is unique only
if the models spread their representations without symmetry. Contrastive losses and the LeJEPA
regulariser do the opposite. They push the representations towards the uniform distribution on the
hypersphere or towards N (0, I'), which every orthogonal map preserves [Wang and Isola, 2020,
Balestriero and LeCun, 2025]. Where these losses give two models a shared metric, they do so
through this symmetry, which leaves A inseparable from @ A for every orthogonal Q).

4 Recovery of the alignment from finite samples

Under symmetry breaking (C1), which holds generically, the latent mm-spaces determine A, so
estimating it without pairs is well-posed. We see only independent samples of the two latent mm-
spaces, with no one-to-one correspondence between them, so regression is out of reach. Instead, we
first estimate a coupling and then fit a map to it, akin to neural optimal transport methods [Klein et al.,
2024]. We now discuss recovery guarantees for this two-stage procedure.

A coupling is a probability measure n € II(P,, P,) on Z, X Z;, with marginals P, and P,. Since
the alignment map is an isometry, the coupling induced by A preserves all pairwise distances. We
therefore estimate it by solving the Gromov—Wasserstein (GW) problem [Mémoli, 2011]:

min  Jaw(n), Jow(n) = //|da(z,z’)—db(w,w’)|2dn(z,w) dn(Z,w’). (2)

nET(Py,Py)

It seeks the coupling that distorts distances least, and under C1 it has exactly one solution:



Proposition 4.1. Under HI-H?2, the optimal couplings of Equation 2 are exactly the couplings
(id XT') 4 P, induced by isomorphisms T of the latent mm-spaces. Under symmetry breaking (CI),
the optimal coupling is unique and equals n* = (id x A) 4 P,.

Since A is continuous and P, has full support, the coupling 1* is supported on the graph of A, so n*
determines the map. Under C1, both stages therefore have a unique target, * for the coupling and A
for the map, so the two-stage procedure is well-posed. The proofs are in Appendix B.

4.1 Computing the coupling

The uniqueness in Proposition 4.1, however, does not guarantee that a solver finds the optimum. The
GW problem is non-convex [Kravtsova, 2026], so solvers return stationary points that need not be
global optima. We therefore turn to Mémoli’s third lower bound on GW [Mémoli, 2011], which
compares the local distance distributions (LDDs) of points instead of their pairwise distances. It is a
convex problem, so every stationary point is a global optimum, but it is coarser than GW.

The LDD of a point z € Z, is the distribution function of its distance to a random representation,
®o(z,7) 1= P,(Ba(z,1)), where Bq(z,7) is the closed ball of radius r around z, and likewise ®,,
on Z,. Under H1-H2, both latent mm-spaces are isomorphic to the data mm-space, so ®,(z,-) =
®(xz,-) = Py(A(z), ) for the data point = f,(z) = fy(A(z)), where ®(z,7) := Prg(Bam(z,7))
is its LDD in the data mm-space. The alignment map thus preserves LDDs, so we can match them
instead of distances by solving

nGHI?Ii?,Pb) Juop(n), Jupp(n) = /W22 (®alz,), Po(w, ) dn(z, w). (3

Equation 3 is a linear program in 7, which we call the LDD-LP, and its cost is the squared L? distance
between the quantile functions of the two LDDs.

Each LDD collapses a point’s distances to all others into one distribution, so the LDD-LP tells points
apart less finely than GW. If two data points share an LDD, the LDD-LP can exchange them at no
cost, so we require almost every point to have a unique LDD:

Distinguishable points (C2). The LDD map x — ®(x, -) is injective Pys-almost everywhere, i.e.,
the collision set C := {z : ®(2’,-) = ®(x, -) for some z’ # x} is Prg-null.
C2 implies C1, because a symmetry preserves every LDD, but not conversely, since almost every
point can share its LDD with another without a symmetry (Appendix C). If the data mm-space has
distinguishable points, we can use the LDD-LP to find the coupling n*:

Proposition 4.2. Under HI-H2 and C2, n* is the unique optimal coupling of the LDD-LP.

The two problems trade the fidelity of GW against the convexity of the LDD-LP, and neither has both.
We propose to combine them as in fused GW [Vayer et al., 2019], with the LDD-LP in place of the
feature term and a weight 5 € [0, 1] on it:

Jsg(n) := (1 = B) Jaw(n) + B Jupp(n). 4

Both terms are nonnegative and vanish at *, so under C1, n* is the unique minimiser of Jg for 8 < 1
(Proposition B.17), and under C2 also for 5 = 1. Therefore, a solver can lower /3 from 1 to O without
moving the minimiser, but Jg is non-convex for 5 < 1, and we do not prove that the path ends at n*.

Since LDDs are estimated from samples and carry sampling error, they must be not only distinct
but well separated. C2 itself cannot be checked from samples, but the smallest distance between the
LDDs of two data points at least ¢ apart can be estimated:

Definition 4.3. For 0 < ¢ < diam(M), the margin of the data mm-space at separation ¢ is

m(t) :==inf { ||®(z,") — ®(z',)||oc : @, 2" €M, dp(m,2") >t }. ®)

From samples, the DKW inequality [Dvoretzky et al., 1956, Massart, 1990] gives a level-§ margin test
of whether two query points at separation ¢ share an LDD. A rejection says nothing about the pairs
the test does not query, so it can occur where m(t) = 0. In low dimension, however, the queries can
cover M, and the estimate then bounds m(t) from below if the LDDs are Lipschitz (Appendix C.3).



4.2 Finite-sample guarantees

In practice we see only samples, z® = (z{,...,z%) in Z, and 2z’ in Z,, with distance matrices
Cl = dq (28, z‘;) and C°. The samples define the empirical distributions P, and P,, and with the
distance matrices, they carry the two signals that remain without pairs and determine the empirical
LDDs. We minimise Jz for some 5 € [0, 1] over the couplings of P, and P,, which gives the
empirical version of the problem.

In the independent regime, the two samples are drawn independently from P, and P, so almost
surely no point of one is the image of a point of the other. In the permutation regime, both models
encode the same observations in unknown order, so that zg 0 = A(z¢) for a permutation o.

The permutation regime is the easier one, because A is an isometry and the two distance matrices
therefore agree up to the unknown order, Cg( No(k) = .- Almost surely the pairwise distances
of the sample are distinct, so only ¢ reorders one matrix into the other or pairs points with equal
empirical LDDs (Lemma B.11). The empirical problem therefore recovers o exactly for every (3:

Proposition 4.4. In the permutation regime, under HI-H2 and with n > 3, the empirical Jg almost
surely has the unique optimal coupling = >, O(ze, 2 ) forevery 5 € [0,1].

The proposition needs neither C1 nor C2, so it holds even for the uniform distribution P, ;s on the
sphere (Figure 2), where no method identifies A from independent samples. With o recovered, fitting
A is supervised regression, and dim M + 1 pairs fix the alignment among isometries if they are in
general position and close enough that the shortest paths between them are unique (Corollary A.7).

In the independent regime, no coupling of the two samples is exact at finite n, and only consistency
remains (Proposition B.14). Global minimisers of the empirical Jg converge to n* under C1 for
B < 1, and under C2 also for S = 1, by compactness and the uniqueness of the population minimiser
(Propositions 4.1, 4.2 and B.17). In each case, a map fitted to the coupling over a uniformly compact
class containing A converges to A. Consistency leaves two questions open. First, it covers only
global minimisers, while solvers return stationary points that need not be global. Second, it gives no
rate of convergence.

S Neural Gromov—-Monge Alignment (NGMA)

Our Neural Gromov-Monge Alignment (NGMA) method instantiates the two-stage recovery proce-
dure with choices informed by Section 4. Its input is the samples z%, z°, their distance matrices C?,
C", and the pullback metric tensors G, G}, at the sample points.

NGMA computes the coupling 7) with entropic GW [Peyré et al., 2016] applied to Jg in four stages,
B =1,0.8,0.5 and 0, that lower the entropy weight together with /3, each starting from the coupling
of the previous one (Appendix D). The first stage is the convex LDD-LP at 8 = 1 and the last is
entropic GW at 8 = 0, so NGMA returns a stationary point of entropic GW, reached from the solution
of the convex problem rather than from the independent coupling.

Given 7, NGMA estimates A, a smooth isometry that carries P, onto P, (Proposition 2.3). Such a
map solves the non-convex Gromov—Monge problem [Mémoli and Needham, 2022], which NGMA
avoids by fitting a smooth map to 7, the coupling that Section 4 recovers.

A smooth isometry is also a bijection. Architectures with a closed-form inverse would build this in,
but they restrict the class of maps, so NGMA fits two plain networks, ¢ for A and 1 for A~!. Each
is an affine map plus a residual network, with the affine part initialised at the Procrustes solution
ming , Zz ; Mij |Qz¢ + v — zg’- |? [Schonemann, 1966], or its inverse for v, and the residual at zero.

Both are trained on L(¢, 1) = Lup (0, 0) + Lpa (W, @), where

1 JIGy Jy — Ggll?
b, ) = = 57 [He 002 Cole ot - w1+ deliotat - 1], @

Js and G, are evaluated at z{, Gy, at the point of 7% nearest to qb(zf), 7 is the z? with the largest 7);,
and /, exchanges the roles of a and b. Weights are set at Ag; = 0.3 and A¢yc = 0.1.

The first term penalises deviations from A* g, = g,, the last pushes v towards ¢!, and among maps
that nearly satisfy both, the fit term favours the one that follows the coupling, which at n* is A.



—o—  Puir, Aut = 0(3) Pavr, Aut 2 0(2) Phix, equal parameters —- P

(a) LDD-LP, four measures (b) Prix (¢) margin test
100 | Sp==t=e—t—=t=t=0® 100 {% o o-°g ] ’

S 2 \ 100 gz o
",‘ \ Py g /7 fails to reject below
-9 U = 17

) 8 < .
% =~ LDD-LP _ M 10 -

-8~ NGMA's coupling

rotation error (°©)
>
1

17 permuted samples, all four 1 ] -0~ entropic GW § /
0 —ag 1 1 1 1 0 == T T T T i T T
4 16 64 256 2000 4 16 64 256 2000 0 1 2
landmarks & landmarks & separation ¢

Figure 3: Data on the sphere with A = R. (a) Rotation error of the LDD-LP on independent samples
against the number of landmarks & (median and range over 10 seeds; at k = 2000 every point is a
landmark), and zero on permuted samples (black). (b) The LDD-LP, NGMA'’s coupling and entropic
GW alone, annealed as in NGMA, on P,,ix. (¢) The margin test: the estimated margin over its DKW

accuracy, &(t), mean = s.d. over 3 seeds, which rejects equal LDDs where £(t) > 1.

We hold out o random points of z® and every point of z® whose largest entry of 7j falls on one of them,
train on the remaining n, and n; points, and keep the checkpoint at which the most held-out points
map to a mutual nearest neighbour in the other sample. The coupling’s targets are wrong for many
individual points, so, as in unsupervised word translation [Conneau et al., 2018, Artetxe et al., 2018],
we refit both maps for up to three rounds on the pairs they agree on, the mutual nearest neighbours
under D (i, j) = wa|¢(zf) — 25 || +ws|1(z5) — z¢ || Both distances are divided by their medians, and
each weight is proportlonal to tljle squared fractlon of mutual nearest neighbours its map finds. We keep
the round with the most held-out mutual nearest neighbours under D and rank test candidates by D
(Appendix D). Code is available at https://github.com/mustass/identifiable-alignment.

6 Experiments

First, we test the claims of Sections 2-5 on the sphere, where we choose A, and the geometry is in
closed form. Then we train VAEs [Kingma and Welling, 2014] on three image datasets (MNIST
[LeCun et al., 1998], FashionMNIST [Xiao et al., 2017] and CelebA [Liu et al., 2015]) with a
Gaussian prior or a VampPrior [Tomczak and Welling, 2018], and scVI models [Lopez et al., 2018]
on Tabula Sapiens lung cells [The Tabula Sapiens Consortium, 2022].

On real data, we split each dataset into three disjoint subsets: one to train the models, one to fit the
alignment and one to test it. All image models are trained on the same training set, across priors
and seeds, while the lung models are trained on disjoint sets of cells. We draw the two samples
from the alignment subset, in regimes ranging from disjoint to fully shared (Section 4.2), and repeat
this with different seeds. NGMA and the baselines are fitted to each draw and scored on the test
subset by instance retrieval (R@1), the fraction of test points whose own representation in the other
model is ranked first. For all models, we measure latent distances with the pullback metric of an
ensemble of eight decoders [Syrota et al., 2024], pulling back the Euclidean metric of pixel space for
the images and the Fisher metric of scVI’s negative-binomial likelihood for the cells. Conceptually,
the ensemble keeps the geometry on the compact latent space Z of H2, since its metric grows where
the decoders disagree, which is away from the data [Hauberg, 2018, Syrota et al., 2024]. Instead of
computing geodesics, we use the lengths of straight segments under this metric, which bound the
geodesic distances from above, need no optimisation per pair and lose little accuracy (Appendix E.4).
On the sphere, the two samples are drawn from the measure itself, and we score the fitted rotation
against the true 2. Each paragraph below states one finding, with the main results in Table 1 and
Figures 3 and 4.

Symmetry breaking (C1) decides identifiability. On each sphere of Figure 2, model a represents
the data as they are and model b rotates them by a fixed R, so A = R. We add a mixture with
equal weights and concentrations, which satisfies C1 but whose LDDs collide along curves, so its
margin is zero (Appendix C). The NGMA coupling, the LDD-LP and GW are solved on k landmarks,
chosen so that their LDDs differ as much as possible (Appendix E.1). From independent samples,
the LDD-LP recovers R to within 5° for both mixtures, while for P, ,ir and Py\r the error stays
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Table 1: R@1 among the 10,000 test points (19,962 on CelebA) of VAEs aligned on disjoint samples
(n = 3000 per side, 7500 on CelebA), as mean =+ s.d. over model pairings and draws. The best
unpaired baseline is Rosetta, or mini-vec2vec where marked . The best label-informed baseline is
RelGeo, or RelReps where marked #. The paired ceilings fit NGMA’s map and a rigid map on the
true pairs. On CelebA, parentheses count draws reaching R@1 of 0.3.

Best baseline Paired ceiling
Prior NGMA unpaired label-informed | NGMA Rigid map
MNIST  Gaussian 0.967+0.021 0.941+0.028 0.52540.069* | 0.998+0.001 0.955-+0.021
VampPrior 0.989+0.012 0.930+0.012 0.55240.235 | 1.000£0.000 0.93640.008
cross-prior 0.9554-0.008 0.571+0.021 0.31940.152 | 0.999+0.000 0.51240.021
Fashion- Gaussian 0.719+0.112 0.710-+0.040 0.15940.134 | 0.997+0.001 0.78240.032
MNIST  VampPrior 0.979-+0.027 0.6564-0.045 0.355+0.131 | 1.000+£0.000 0.7470.029
cross-prior 0.871+0.049 0.065+0.019 0.09840.033 | 0.998+0.001 0.07140.004
CelebA  Gaussian  0.804+0.375(12/15) 0.567+0.453 8/15)  0.445+0.033% | 0.995+0.000 0.993+0.000
VampPrior  0.81820372(8/10) 0.616+0.415" (77100 0.38740.139 | 0.996:£0.000 0.995-0.000
cross-prior  0.818+0.372(8/10)  0.75740.372 (8/10) 0.220+0.120 | 0.996+0.000 0.9904-0.000

large however many landmarks we use (Figure 3a). Symmetry breaking thus decides recovery, as
Proposition 3.1 states, even for the mixture whose margin is zero. The margin test never rejects for
the two symmetric measures (Figure 3¢, Appendix C.3), but has limited power.

With the pullback metric, models are coordinate charts (H2). On MNIST and FashionMNIST,
models with different priors differ by 10 to 25 nats in likelihood (Table 5). Yet their pullback distances
correlate above 0.97, while their Euclidean distances correlate at only 0.71 and 0.61 (Table 6). Here,
the alignment is highly nonrigid and every method that fits a rotation falls behind NGMA (Table 1).
The lung models are not rigidly aligned either, since a rigid map fitted on the true pairs stays far
below a map fitted on them (Figure 4).

The permutation regime is easy with the shared metric (Proposition 4.4). With permuted samples,
LDD-LP recovers R exactly for every measure, including the uniform one, from 3 landmarks on,
as the proposition predicts. When both models encode the same images, NGMA reaches R@1
of 0.990-0.999 in every MNIST and FashionMNIST setting. In contrast, with a GW coupling on
Euclidean distances, it reaches only 0.353 and 0.679 on the cross-prior pairs (Appendix E.3).

NGMA leads in every setting, from disjoint to fully shared samples. Our baselines without pairs
or labels are Rosetta [Schnaus et al., 2026], mini-vec2vec [Dar, 2025], GENOT-Q [Klein et al., 2024]
and LFM [Fumero et al., 2024], and label-informed RelReps [Moschella et al., 2023] and RelGeo
[Yu et al., 2025]. In the hardest regime, the two samples share no image, so no coupling is exact
and only consistency remains (Section 4.2). Yet NGMA leads every baseline in all nine settings of
Table 1, and keeps the edge when samples have images in common (Appendix E.3, Table 7).

Identifiability is a property of the data-generating process, not the training data. Nothing in
H1-H2 requires the two models to share training points, so we align lung models trained on disjoint
sets of cells, which share only the tissue (Figure 4, Appendix E.6). Without pairs, our method
retrieves the true partner of up to 38% of ten thousand held-out cells, where chance is one in ten
thousand, and the right cell type for nine in ten. NGMA is above every baseline on every sample,
RelGeo with cell-type labels included. With Euclidean distances, it fails on most draws. With the
pullback metric of the scVI decoder alone, instead of the ensemble, it is lower on 17 of 18 draws.

Near-symmetries obstruct alignment and fused GW (Equation 4) helps resolve them. On CelebA,
a left-right flip nearly preserves the distribution of faces, so C1 nearly fails. On every failed draw,
with either coupling, the maps send faces to their mirror images (mirror R@1 of 0.87-0.99, true R@1
at most 0.11). On every successful draw, they send faces to themselves (Appendix E.5). The mirror
alignment preserves distances and nearly preserves the distribution of representations, so without
pairs it is almost indistinguishable from A. Of the ten draws that fail with GW alone, NGMA’s
coupling rescues three and loses none, so it succeeds on 28 of 35 (Figure 5). On Ppix on the sphere,
GW alone leaves 4 to 8 of 10 seeds more than 90° from R at every k up to 256. NGMA'’s coupling
has no such seed from k = 8, thanks to its LDD-LP term, although the LDD-LP alone has the smaller
median error for k between 32 and 256 (Figure 3b).
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Figure 4: scVI models of lung cells trained on different cells, aligned on disjoint samples of 3000
cells per side, against the number of training cells per model. (a) R@1 among 10,000 held-out cells
(chance 10~%). (b) Cell-type accuracy of the nearest cell. Lines are means over two model pairings
and three draws, faint markers are single draws, and dashed lines are maps fitted on the true pairs.

7 Related work

Model stitching and relative representations align two models through pairs, anchors or class labels
[Csiszarik et al., 2021, Moschella et al., 2023, Maiorca et al., 2023, Lihner and Moeller, 2024], and
Yu et al. [2025] build them from pullback geodesic distances to anchors. Without them, unsupervised
word translation and its successors for embeddings fit an orthogonal map, which assumes Euclidean
or cosine geometry [Conneau et al., 2018, Artetxe et al., 2018, Grave et al., 2019, Schnaus et al.,
2026, Dar, 2025]. vec2vec fits a map with adversarial and cycle losses and a loss that preserves
pairwise inner products [Jha et al., 2025]. These methods do not ask whether the recovered map is
unique, and the recent ones rest on the Platonic representation hypothesis [Huh et al., 2024]. We
formalise the manifold hypothesis, which gives both models a shared metric, the pullback metric, and
makes the alignment map a measure-preserving isometry, identifiable under symmetry breaking (C1).

Gromov-—Wasserstein matching aligns two samples without correspondence [Mémoli, 2011,
Alvarez-Melis and Jaakkola, 2018, Demetci et al., 2022, Schnaus et al., 2025]. Klein et al. [2024]
handle the non-uniqueness of GW couplings empirically, and we state when the optimum is unique
(Proposition 4.1). The LDD-LP is Mémoli’s third lower bound on GW with the squared W5 cost,
whose entropic version Sato et al. [2020] solve with Sinkhorn. Hur and Khoo [2025] match points
with its W} cost, whose unique optimum is the true matching if no two points share a distance profile,
a finite form of C2. Piening and Beinert [2026] use the bound in place of GW in fused GW [Vayer
et al., 2019], and Raviv et al. [2012] add a distance-histogram cost to GW over bijections.

Identifiability theory asks when the latent variables of one model are determined up to a set of
indeterminacies [Hyvérinen and Pajunen, 1999, Khemakhem et al., 2020, Xi and Bloem-Reddy,
2023]. Arvanitidis et al. [2018] measure latent distances with the pullback metric of the decoder.
Syrota et al. [2025] show that these distances are identifiable even when the coordinates are not. We
study the map between two models, which needs neither model to be identifiable. Ebin [1970] shows
that a generic metric has no isometries other than the identity. We fix the metric and show the same
genericity over measures (Proposition 3.2).

8 Discussion

We show that any two models of one data-generating process are related by a single alignment map,
an isometry of their pullback geometries that carries one distribution of representations onto the other.
This holds whether a model is built from an encoder, a decoder or both, and whatever its architecture,
loss, prior or training data. The map is identifiable exactly when the data break all symmetries, which
generic data do, and two samples of representations recover it exactly if both models encode the same
observations and consistently if they do not. NGMA uses this to align image and single-cell models
without pairs, ahead of every baseline without true pairs, across priors and disjoint training data.

Limitations. The theory covers any models of one data-generating process, but our recovery
guarantees hold only for global optima, which NGMA'’s solver may not reach. NGMA’s maps act
on whole latent spaces of equal dimension, as in all our experiments. The latent dimension is a
modelling choice, since that of the data manifold is unknown, and two models can choose differently.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The paper’s opening presents the key theoretical finding. The introduction also
provides a bit more detail than usual, but references to relevant sections in the paper are
included.

Guidelines:

¢ The answer [N/A| means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Section 8 states them: our recovery guarantees hold only for global optima,
which NGMA’s solver may not reach, and NGMA’s maps act on whole latent spaces of equal
dimension, although two models can choose different latent dimensions. The assumptions
of the theory, HI-H2 and C1-C2, are stated where they are used.

Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The paper is predominantly theoretical, and the assumptions are key to un-
derstanding the work. We have placed notable effort into keeping assumptions clear and
understandable. Complete proofs are in Appendices B and C.

Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The appendix details experiments, including algorithmic descriptions. We also
provide full source code to reproduce all experiments in https://github.com/mustass/
identifiable-alignment.

Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We release the code at the URL in Section 5. All experiments rely on either
synthetic data (which can be reproduced by the code) or standard public benchmark data.

Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (bttps://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: Section 6 and Appendix E give the data splits, models, sample sizes, hyperpa-
rameters, and each baseline and how it is run.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Tables and figures report the mean =+ s.d. over model pairings and draws, or
the median and range over seeds, as each caption states. Table 7 reports means only, and the
comparison of segments with geodesics (Appendix E.4) uses one model pair.

Guidelines:
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» The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Appendix E.7 gives the device, memory and time of each stage of the image
experiments, and the total compute of the project. The scVI experiments need far less
compute.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conforms to the NeurIPS Code of Ethics. It uses only public
datasets under their terms, including CelebA face images and Tabula Sapiens donor data,
and collects no new data.

Guidelines:
* The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.
* If the authors answer , they should explain the special circumstances that require a

deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
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11.

12.

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: Advances in this area are known to have effects for database security [Jha
et al., 2025] and our method relies on potentially computationally intensive machinery
contribution to high energy consumption.

Guidelines:

» The answer [N/A] means that there is no societal impact of the work performed.

¢ If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]
Justification: Not applicable.
Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
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13.

14.

Justification: Every dataset is cited where it is used, with its terms: MNIST [LeCun et al.,
1998] (CC BY-SA 3.0), FashionMNIST [Xiao et al., 2017] (MIT licence), CelebA [Liu et al.,
2015] (non-commercial research use only, without redistribution) and the Tabula Sapiens
lung data [The Tabula Sapiens Consortium, 2022] (Tabula Sapiens data release policy). We
use scvi-tools [Lopez et al., 2018] (BSD 3-Clause) and POT [Flamary et al., 2021] (MIT
licence), and run Rosetta and mini-vec2vec with the code released by their authors. Every
baseline is cited where it is used (Appendix E.2).

Guidelines:

* The answer [N/A] means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We release the code for NGMA and all experiments at the URL in Section 5.
Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]
Justification: The paper does not consider human subjects.
Guidelines:

* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.
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16.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]
Justification: The paper does not consider human subjects.
Guidelines:
* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]
Justification: Not applicable.
Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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A Background
This appendix collects the mathematical background required to follow the proofs in Appendix B.

A.1 Riemannian manifolds

Throughout, manifolds are compact, connected and of finite dimension d, and may have a boundary,
as in H1. Since M is smooth, the boundary is that of a smooth manifold with boundary. The proofs
use this regularity in two places, for the inward-pointing vector field in the proof of Lemma A.11 and
for dVol,(OM) = 0. We write int M for the interior, which is a connected Riemannian manifold
without boundary that need not be complete. Statements below about manifolds without boundary
are applied to int M. Proofs and a broader exposition are in do Carmo [1992], Petersen [2016], Lee
[2018].

Definition A.1 (do Carmo, 1992, Lee, 2018). A Riemannian manifold (M, g) is a smooth manifold
M equipped with a smoothly varying family of inner products g, on each tangent space T, M. The
metric g induces:

* the geodesic distance dg4(z,y) = inf, fol V 9y (Y(t),¥(t)) dt, where the infimum is over
piecewise smooth curves joining x to y;

* the Riemannian volume measure dVol,, the unique measure that in any chart equals

Vdet(gi;) dat - - - dxd;
Definition A.2 (Lee, 2018). For each x € M the exponential map exp, : T, M — M sends a
tangent vector v to the endpoint (1) of the geodesic v with v(0) = = and 4(0) = v.

Remark A.3 (do Carmo, 1992). On a compact manifold without boundary exp,, is defined on all
of T, M. With a boundary it is defined near the origin of 7, M for interior x, which is all that
Corollary A.7 uses.

Definition A.4 (Kobayashi and Nomizu, 1996, Petersen, 2016). A Riemannian isometry T :
(M, g) — (N, h) is a diffeomorphism satisfying the pullback condition T*h = g, i.e. g, (u,v) =
h(2)(dT u, T, v) for all z € M and u, v € T, M. Isometries preserve all metric quantities:

* geodesic distances: dp,(T'(x), T'(y)) = dg(z,y);

* metric balls: T'(Baq(x, 7)) = Bar(T(x), r) for every x € M and r > 0, where B(z, )
is the closed ball of radius r around x;

* the differential at each point is an orthogonal linear map: dT, € O(T, M, g.).

Theorem A.5 (Myers—Steenrod; Myers and Steenrod, 1939, Palais, 1957). A distance-preserving
bijection of a connected Riemannian manifold without boundary, complete or not, is a smooth
Riemannian isometry. The isometry group Iso(M, g) of such a manifold is a Lie group with respect to
the compact-open topology, acting smoothly and effectively on M. If M is compact, then Iso(M, g)
is compact, and in particular the component group mo(Iso(M, g)) is finite.

Proposition A.6 (1-jet rigidity; Kobayashi and Nomizu, 1996, Myers and Steenrod, 1939). A self-
isometry of a connected Riemannian manifold, complete or not, is uniquely determined by its value
and differential at a single point. Concretely, if ¢ : M — M is an isometry with p(x¢) = x¢ and
dyop = id, then ¢ = id pg.

Corollary A.7 (Pinning an isometry by d+ 1 points). Let ¢ be an isometry of int M, let x; € int M,
and let B = exp,, ({v : |[v|g < €}) C int M be a normal ball, so that exp,,, is a diffeomorphism
onto B and each y € B is joined to x1 by a unique geodesic of length less than . If ¢ fixes ©1 and
points Tz, ...,Tq+1 € B whose log-map images v; = exp;ll(ozj) are linearly independent, then
@ =1id, and so is its extension to M.

Proof. ¢ fixes x1 and maps the geodesic t — exp,, (tv;), t € [0,1], to a geodesic from z; to z;
of the same length, which is less than . By uniqueness it is the same geodesic, 5o d;, 9 v; = v;
for j = 2,...,d+1. An orthogonal map fixing a basis of T,, M is the identity, so d,, ¢ = id and
1-jet rigidity on the connected manifold int M gives ¢ = id. The extension to M is the identity by
continuity, since int M is dense. O
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Remark A.8. If xs,...,x441 are drawn independently from an absolutely continuous measure
restricted to B, the log-map images are linearly independent almost surely. Conditionally on
T2,...,T;, the bad set for ;1 is the image under exp,, of a proper linear subspace, which is
dVolg-null. The condition is local, since it needs d + 1 points in general position close together, not
d + 1 arbitrary points.

A.2 Metric measure spaces

Definition A.9 (Gromov, 1999, Mémoli, 2011). A metric measure space (mm-space) (M, daq, i) is a
compact metric space with a Borel probability measure. Two mm-spaces are isomorphic if a bijection
T: M — N preserves distances and satisfies Ty = v; we write Iso ((/\/l7 da, 1), (N, dy, 1/)) for
the set of such maps. The automorphism group is

Aut(M, dag, 1) = Iso((M,dpg, i), (M, dag, 1)),

the distance-preserving bijections of M that preserve y. It forms a group under composition.

Remark A.10 (Notation). In the appendices (M, g, 1) denotes the mm-space (M, dg, 1), where d is
the geodesic distance of the Riemannian metric g defined above. The data mm-space (M, daq, Paq)
and the latent mm-spaces (Z,, d,, P,) of Section 2 are of this form. Statements proved for a general
(M, g, 1) apply to each of them, with C1 and C2 read as conditions on that space; the proof of
Proposition B.7 shows that their automorphism groups are conjugate.

Lemma A.11 (Distance isometries are Riemannian isometries). Let (M, g) be a compact connected
Riemannian manifold, possibly with a boundary, with geodesic distance dg4. Restriction to int M
is a bijection from the distance-preserving bijections of (M, dy) onto the Riemannian isometries
of (int M, g), and this group is a compact Lie group acting smoothly and effectively on int M. If
w = pdVoly with p continuous, a distance-preserving bijection @ satisfies pup = p if and only if
pop=p.

Proof. Let d, be the length metric of int M. Clearly d,; < d, on int M. For the reverse inequality,
let X be a smooth vector field on M that points strictly inward along M, with flow 6. For small
s > 0, 0, maps M into int M, and §, — id in C'* as s — 0. For a curve  in M between interior
points  and y, the curve that follows the flow line from z to (z), then 6, o ~y, then the flow line
from 65 (y) back to y, stays in int M and has length at most (14 o(1)) L(v) + O(s). Hence d, = d,
on int M.

A distance-preserving bijection ¢ of M is a homeomorphism, so by invariance of domain it maps
int M onto itself. Its restriction preserves d,, and is therefore a smooth Riemannian isometry by
the Myers—Steenrod theorem (Theorem A.5), which does not require completeness. Conversely, a
Riemannian isometry of int M preserves lengths of curves, hence d, = d, and extends uniquely to
a distance-preserving bijection of M, since int M is dense in the compact space M. The restriction
map is a bijection and a group homomorphism. The group of distance-preserving bijections of a
compact metric space is compact in the uniform topology by the Arzela—Ascoli theorem, and the
restriction map is a continuous bijection from it onto Iso(int M, g) with the compact-open topology,
hence a homeomorphism. By Theorem A.5 the latter is a Lie group acting smoothly and effectively.

Finally, 1(OM) = 0, and an isometry preserves dVol,, so ¢zp = (po ¢~ ') dVol,. This equals j if
and only if p o ¢~ = p almost everywhere, hence everywhere by continuity, which is equivalent to
pow=np. O

Remark A.12. The following two identities, used repeatedly in the proofs, follow from the chain rule
for pushforwards:

(To¢)pp=Ty(opn),
(T~ H)yv = (Ty) v

In particular, if ¢ € Aut(M,g,n) and T € Iso((M,g,pn),(N,h,v)), then T o ¢ €
Iso((M, g, 1), (N, h,v)) because (T o ¢)yp = Ty (dpp) = Tiups = v.

For an mm-space (M, da, p), apoint x € M and r > 0, the local distance distribution (LDD) of x
is @ pq(2, 1) := p(Ba(z,7)), as in Section 4.1.
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Proposition A.13 (Mémoli, 2011, Mémoli and Needham, 2022). LDDs are preserved by every
isomorphism T : (M, g, u) = (N, h,v):
Opr(T(x),7) = Ppq(z,7) Vexe M, r>0.

Remark A.14. This follows from two properties of 7":

1. Isometry maps balls to balls of the same radius: T(Baq(z,r)) = By (T (x),r), since T
preserves geodesic distances.

2. Measure preservation: v(T'(S)) = (S) for every measurable S C M, since Tippt = v.

Combining the two, ®rr(T'(z),7) = v(Bn(T(),7)) = v(T(Bm(z,7))) = p(Bm(z,r)) =
D pq(x,T).

A.3 Analysis and optimal transport

Proposition A.15 (Coarea formula; Chavel, 1984, Evans and Gariepy, 2015). Let f : M — R be a
Lipschitz function and u : M — R integrable. Then

[ w@iwseava, = [ [ wantar
M —oo Jy1t)

where H~1 is the (d—1)-dimensional Hausdor{f measure.

Remark A.16. A consequence used in the proofs of Appendix B is that distance spheres have measure
zero. For any p € M and ¢ > 0, the distance function z — dy(z, p) has |Vd,(-,p)| = 1 almost
everywhere [do Carmo, 1992], so the coarea formula gives Voly ({2 : dy(z,p) = ¢}) = 0. The same
holds with a boundary. The function d,(-, p) is 1-Lipschitz, and for interior z # p a shortest curve
from p to z exists by compactness and ends in a geodesic segment of int M, along which d,(-, p)
grows at unit rate, so |Vdg (-, p)| = 1 wherever it is differentiable, which is almost everywhere; the
boundary is Volg-null.

Appendix C uses one more classical fact.

Lemma A.17 (Zero sets of real-analytic functions; Mityagin, 2020, Krantz and Parks, 2002). Let
Q C R™ be open and connected and f : Q — R real-analytic with f % 0. Then the zero set
{z € Q: f(z) = 0} has Lebesgue measure zero. The same holds, chartwise, on any connected
real-analytic manifold.

We recall some standard facts from optimal transport [Villani, 2009].
Definition A.18. Given probability measures 1 on M and v on N, the set of couplings is

(u,v) = {n € PM x N) | (mpma) n = p, (mn)pn = v},
where 7 and 7 s are the coordinate projections.
Proposition A.19 (Couplings; Villani, 2009).

o II(u,v) is tight (its members have the fixed marginals . and v on compact spaces), so by
Prokhorov’s theorem every sequence of couplings has a weakly convergent subsequence.

* Transport cost functionals of the form 1 — [ ¢dn with continuous ¢ are weakly lower
semicontinuous, so minimisers exist.

* A coupling ) is the graph measure of a measurable map T : M — N if n = (idp XT') 15
equivalently, 1 is concentrated on the graph {(z,T(x)) : © € M}. In this case, n-almost
every pair (x,y) satisfies y = T'(x).
We also recall a fact from measure theory [Evans and Gariepy, 2015].

Proposition A.20. The support supp(n) € M x N is the smallest closed set of full n-measure. If i
and v have full support (i.e. supp(u) = M and supp(v) = N, which holds when (1 = p dVol, with
density p > 0 everywhere and likewise for v, as for P, and P,), then for any n € I1(, v):

Tm(supp(n)) = M, wa{supp(n)) = N.
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Remark A.21. This surjectivity of the projections is used in the proof of Proposition 4.1 to upgrade a
zero-distortion condition on a subset S C M x A to a correspondence covering all of M and N.

The margin test of Section 4.1 rests on the following concentration inequality for empirical distribution
functions.
Theorem A.22 (Dvoretzky—Kiefer—Wolfowitz inequality, with Massart’s constant; Massart, 1990).

Let I be a distribution function on R and let Fy be the empirical distribution function of N i.i.d.
draws from F. For every e > 0,

P(sup |ﬁN(t) —F(t)| > E) < 2e72NE
teR

The genericity result of Appendix B uses the following topology on smooth functions.

Definition A.23 (Whitney C*° topology). Fix a finite atlas (U;, ;) of M and compact sets K; C U;
that cover M. The Whitney C* topology on C*°(M) is defined by the family of seminorms
[pllcr = max; supjq <y SUP,, (k) 0% (p 0 @; 1) fork =0,1,2,... (any two choices of atlas and
compact sets give equivalent seminorms on a compact manifold). A sequence p,, — p iff all partial
derivatives converge uniformly. This makes C'*° (M) a Fréchet space (a complete, metrisable, locally
convex topological vector space). The subset C3y(M) = {p € C*°(M) | p > 0} is open in this
topology.

A.4 Lie groups and Lie algebras

The following are general results and definitions from Hall [2015], Lee [2012].

Definition A.24 (Lie group). A Lie group is a smooth manifold G that is also a group, such that the
multiplication (g, h) — gh and inversion g — g~ are both smooth maps.

Example A.25. The group O(n) = {Q € R™" | QT Q = I} of orthogonal matrices is a compact
Lie group of dimension n(”;l). The subgroup SO(n) = {Q € O(n) | det Q@ = 1} of rotations is
also a compact Lie group.

Definition A.26 (Lie algebra of a Lie group). The Lie algebra g of a Lie group G is the vector space
T.G (the tangent space at the identity) equipped with a bracket [-,-] : g X g — g that is bilinear,
antisymmetric ([X,Y] = —[Y, X]), and satisfies the Jacobi identity. Concretely, elements of g are
identified with left-invariant vector fields on GG, and the bracket is the usual Lie bracket of vector
fields.

The dimension of g as a vector space equals the dimension of G as a manifold.

Example A.27. The Lie algebra 0(3) of O(3) is the 3-dimensional space of skew-symmetric matrices
{X e R¥*3 | XT = — X}, with bracket [X,Y] = XY — Y X. A standard basis is:

00 0 0 0 1 0 -1 0
X;=[(0 0 -1}, Xo=(0 0 0), X;=(1 0 o0,
01 0 -1 0 0 0 0 0

generating rotations about the x-, y-, and z-axes respectively.

Definition A.28 (One-parameter subgroup). A one-parameter subgroup of a Lie group G is a smooth
homomorphism v : (R, +) — G, i.e., a smooth curve satisfying y(s + t) = y(s)vy(t) forall s,t € R
and v(0) = e.

Definition A.29 (Exponential map). The exponential map exp : g — G sends each X € gto vx(1),
where v is the unique one-parameter subgroup with 4x (0) = X. The full one-parameter subgroup
is then t — exp(tX).

Example A.30. In O(3), the one-parameter subgroup generated by X3 is the family of rotation
matrices:
cost —sint 0
exp(tXs) = (sint cost 0) ,
0 0 1

which rotates about the z-axis by angle t.
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Definition A.31 (Smooth group action). A smooth (left) action of a Lie group G on a smooth
manifold M is a smooth map « : G x M — M, written a(g,p) = g - p, satisfying e - p = p and
(gh) -p=g-(h-p)forall g,h € Gandp € M.

Definition A.32 (Infinitesimal generator). Given a smooth action of G on M and an element X € g,
the infinitesimal generator X* is the vector field on M defined by

d
§_—
X, = T i exp(tX) - p.

It is the velocity field on M induced by the flow ¢ — exp(tX) - p.
Definition A.33 (Effective action). An action is effective (or faithful) if the only group element that
fixes every point is the identity: g - p = p for all p € M implies g = e.
Example A.34. The standard action of O(3) on S? is effective. The infinitesimal generator of X3
(rotation about the z-axis) is the vector field X§ = 0, in spherical coordinates (6, ¢). It points
eastward at every point, with magnitude sin 6.

Definition A.35 (Lie derivative). Let X be a vector field on M with flow ;. The Lie derivative of a
smooth function p : M — R along X is:

Lxp(p) = % _Op(wt(p)) = dpp(Xp)-

In local coordinates, L x p = X*0;p, the directional derivative of p along X.

The following fact converts a global symmetry condition into a differential equation.

Lemma A.36 (Invariance via Lie derivative). Let G act smoothly on M, let X € g, and let
p € C®°(M). Then p is invariant under the one-parameter subgroup {exp(tX)}:cr, meaning
p(exp(tX) - p) = p(p) for all t and all p, if and only if L x:p = 0 everywhere on M.

Proof. Define h(t) = p(exp(tX)-p). Then h'(t) = (Lx:p)(exp(tX)-p). If Lxtp = 0,then h’ =0,
so h(t) = h(0) = p(p). Conversely, if h(t) = h(0) for all ¢ and p, then h'(0) = Lxsp(p) =0. O
Example A.37. On S?, the condition L P = Oypp = 0 says that p does not depend on longitude,
3
that is, p is rotationally symmetric about the z-axis. Imposing all three conditions L y4p = Ly:p =
1 2

Lxgp = 0 forces p to be constant on S2.

Definition A.38 (Identity component). The identity component G of a Lie group G is the connected
component containing the identity element e. It is a closed normal subgroup of G with dim Gy =
dim G and the same Lie algebra g.

Definition A.39 (Component group). The quotient group 7 (G) := G /Gy is called the component
group. Its elements are the connected components of GG, and it is a discrete group.

Example A.40. For O(3), Go = SO(3) (proper rotations), and 7w (O(3)) = Z/27Z with the non-
trivial element represented by any orientation-reversing isometry (e.g., the antipodal map p — —p).

B Proofs

Throughout the appendix, d := dim M.

B.1 Proofs for Section 2

Remark B.1 (The projection onto M). Here 7 is the nearest-point map in the Euclidean distance of X'.
The distance to the closed set M is 1-Lipschitz [Federer, 1959, 4.8(1)], hence differentiable almost
everywhere by Rademacher’s theorem, and every point where it is differentiable has a unique nearest
point on M [Federer, 1959, 4.8(3)], so 7 is defined Lebesgue-almost everywhere and is continuous
on its domain [Federer, 1959, 4.8(4)]. Hence 4 Py is well defined whenever Py has a density. The
noise condition of H1, normal to M and shorter than the reach [Federer, 1959], is what makes 7 ()
the point that = was generated from, so that w4 Py is the distribution of the generating points and not
a blurred version of it; within the reach 7 is moreover Lipschitz [Federer, 1959, 4.8(8)]. The proofs
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use only that Py has a smooth positive density on M. That assumption also rules out observations
beyond the boundary of M, which would project onto M, a set of volume zero; normal noise never
produces them.

Lemma B.2 (Sufficient conditions for H2). Let M C X be a compact d-dimensional embedded
submanifold, possibly with smooth boundary. (i) Let W be a manifold of dimension q > d, such
as RY, and dec: W — X smooth and injective with a Jacobian of rank q, with M C dec(W)
and Z := dec™ " (M) compact. Then Z is a compact embedded submanifold of VW of dimension d
and dec |z : Z — M is a diffeomorphism, so dec |z satisfies H2. The preimage is closed, so it is
compact whenever W is, and then dec is a smooth embedding [Syrota et al., 2025, Lemma 4.1]; it is
also compact whenever dec is a smooth embedding. (ii) Let enc: X — RY be smooth, injective on
M, with a Jacobian of rank d on the tangent spaces of M. Then enc(M) is a compact embedded
submanifold of RY and (enc |p)~!: enc(M) — M satisfies H2.

Proof. (i) Suppose first that dec is an embedding, so N := dec(W) is an embedded ¢-dimensional
submanifold of X and dec: W — A is a diffeomorphism. The inclusion M < X has image in \V,
so it is smooth as a map into A\ [Lee, 2018], and it is an injective immersion with compact domain,
hence an embedding. Composing with dec ™ : A" — W shows that dec™' |\, embeds M into W
with image Z, and dec |z is its inverse.

In general, Z is compact, so it has an open neighbourhood U in W whose closure U is compact. On
U the map dec is continuous and injective, hence a homeomorphism onto its image, and so is its
restriction to U. Thus dec |y is an injective immersion and a homeomorphism onto its image, that is,
a smooth embedding, with M C dec(U) and U Ndec™ ' (M) = Z. The first paragraph applied to
dec |y concludes.

(ii) The restriction enc | o4 is an injective immersion of a compact manifold, hence an embedding [Lee,
2018]. So enc(M) is a compact embedded submanifold of R? of dimension d and enc |x(: M —
enc(M) is a diffeomorphism, whose inverse is a diffeomorphism onto M. 0

Remark B.3 (An injective immersion is not enough). An injective immersion need not have a
continuous inverse on its image. The map f: R — R? with f(t) = (cosd(t),sind(t)), I(t) =
27t/(1 +t) for t > 0, extended to ¢t < 0 by a curve leaving the circle, is an injective immersion
whose image contains the unit circle M. Yet f~1(M) = [0, 00), and points of M on either side of
(1,0) have preimages near 0 and near co. The pullback length metric on f~!(M) is then not the
length metric of M. An injective decoder with full-rank Jacobian whose image contains M therefore
need not satisfy H2 unless f~!(M) is compact, and Proposition 2.3 can fail for it.

Proposition B.4 (Proposition 2.2). Under HI-H2, metrics d, on Z, and dy, on Z sat-
isfy dy(A(2), A(2")) = dau(2,2') for all z,2" € Z, if and only if do(f; ' (x), fi'(y)) =
db(fb_l(a:), fb_l(y)) Sfor all x,y € M. Euclidean metrics on two subsets of one RY satisfy this
if and only if A extends to a rigid motion of R4, and geodesic metrics on two subsets of the unit
sphere ST~ C R if and only if A extends to an orthogonal map of RY.

Proof. Since f, is a bijection onto M, every pair z,z’ € Z, is the pair of representations z =
fol(@), 2/ = f71(y) of exactly one pair z,y € M, and Definition 2.1 gives A(z) = f, '(z) and

a a

A(z") = £, "(y). Substituting turns one condition into the other.

For the Euclidean case, a rigid motion preserves Euclidean distances, so its restriction does. Con-
versely, let A preserve them, fix z9 € Z,, and set u := z — zp and B(u) := A(z) — A(20).
Then ||B(u)|| = |lu|l and |B(u) — B(u)]| = |lu — «/||, so the polarisation identity gives
(B(u), B(u')) = (u,u') for all u,u’. A map that preserves inner products on a set extends to a linear
isometry of its span, which extends to an orthogonal map @) of R?. Hence A(z) = Q(z— z0) + A(20),
a rigid motion.

For the spherical case, an orthogonal map preserves inner products, hence the geodesic dis-
tance arccos(z, z') on S971. Conversely, if A preserves geodesic distances on the sphere, then
(A(z), A(2")) = cosd(A(2),A(2")) = cosd(z,2) = (z,2'), so A preserves inner products and
extends to an orthogonal map ) of R? as above. The cosine distance is a monotone function of the
geodesic distance, so the same holds for it. O
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Proposition B.5 (Proposition 2.3). Under HI-H?2 the alignment map exists, is unique, and equals
A= fb_1 o fo. It satisfies A* g, = go and Ay P, = Py, so it is an isomorphism of (Z,,d,, P,) and
(Zp, dy, Py).

Proof. By H2, f,|z, and f;|z, are diffeomorphisms onto M. A map A with f, o A = f, must send

z to the unique preimage of f,(z) under f, so A = f,~ L6 £, is the only alignment map, and it is a
diffeomorphism. The chain rule gives

Atgy = A" frg™ = (f 0o A)* g™ = fig™ = ga,

as in Syrota et al. [2025, Theorem 4.5]. Hence A maps each piecewise smooth curve in Z, to one
in Z; of equal length, and A~! does the same in reverse, so dy(A(2), A(2")) = dqu(z,2") for all
z,2' € Z,. Finally, Ay P, = (fb’1 ofaofil)uPm = (fb’l)#PM = P,. The same argument with

fo in place of A shows that f, is an isomorphism from (Z,, d,, P,) onto (M, daq, Ppq). O

B.2 Proofs for Section 3

Lemma B.6 (Isomorphisms differ by automorphisms). Let (M, g, i) and (N, h,v) be mm-spaces
and T € Iso ((M, g, 1), (N, h,v)). Then

Iso (M, g, 1), (N, h,v)) ={To¢ : ¢ € Aut(M,g,u)}.

In particular T is the only isomorphism if and only if Aut(M, g,u) = {idm}, and then also
Aut(N, h,v) = {idx'}, since 1 — T~ o 4p o T is a group isomorphism between the two automor-
phism groups.

Proof. For ¢ € Aut(M,g, u), the composition T o ¢ preserves distances and (T o ¢)up =
Ty(pppn) = Typ = v, so it is an isomorphism. Conversely, for an isomorphism 77, the
map ¢ := T~! o T’ is a distance-preserving bijection of M with ¢pp = (T71)uv = pu, so
¢ € Aut(M,g,u) and T" = T o ¢. The map ¢ — T o ¢ is injective, which gives the second
statement. O

Proposition B.7 (Proposition 3.1). Under HI-H2, the isomorphisms from (2, d, P,) to (2, dp, Pp)
are exactly the maps f,;l oS o f, with S € Aut(M,dp, Pam). Hence every such isomorphism
equals the alignment A if and only if C1 holds.

Proof. By Proposition B.5, A is an isomorphism of the latent mm-spaces and f, is an isomorphism
of (24, dq, P,) onto the data mm-space. Conjugation by f,, S + f, 1 0 S o f,, is therefore a group
isomorphism from Aut(M, dp, Pr) onto Aut(Z,,d,, P,). Lemma B.6 applied to T' = A shows
that the isomorphisms are the maps Ao f, 1o So f,,and Ao f, ! = fb_1 by Definition 2.1, which
gives the first statement. The second follows because the latent automorphism group is trivial exactly
when the data automorphism group is. O

Proposition B.8 (Density generically trivialises the automorphism group; Proposition 3.2). Let
(M, g) be a compact connected Riemannian manifold, possibly with smooth boundary, and let G be
its group of distance-preserving bijections, identified with Iso(int M, g) by Lemma A.11. The set of
smooth positive densities for which the automorphism group is trivial,

Diigia == {,0 € Ci%(M) | Aut(M, g, p dVOlg) = {id}}v

is open and dense in C$y (M) equipped with the Whitney C* topology.

Proposition 3.2 is the case ¢ = g™, with p the density of Prs. By Lemma A.11, a density p lies
in Dijgiq precisely when no non-trivial isometry ¢ € G \ {id} leaves p invariant, i.e., there is no
@ # id with p o ¢ = p everywhere. The proof shows that the densities with a non-trivial stabiliser
form a closed set with empty interior. Open and dense is the topological notion of genericity. No
canonical measure exists on the infinite-dimensional space C} (M), so we do not claim that almost
every density satisfies C1.
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Proof. All points, neighbourhoods and Lie derivatives below are taken in int M, on which G acts
smoothly and effectively; this is possible because a non-trivial element of G moves some interior
point, and invariance p o ¢ = p on the dense set int M is invariance on M. By Lemma A.11, G is a
compact Lie group with Lie algebra g> of dimension m and finite component group mo(G) = G/Gy.
Fix an inner product on g, with norm || - ||.

For each p € CZy(M), define its stabiliser Stab(p) := {¢ € G | po ¢ = p} as the closed Lie
subgroup of GG whose action leaves p invariant. Its Lie algebra is

K (p) := Lie(Stab(p)) ={Y € g | Ly:p = 0},

by Lemma A.36. Let k(p) := dim K (p), and let T, : g — C'°°(M) be the linear map Y — Ly p,
so k(p) = dimker T},. Note that D,i4iq = {p | Stab(p) = {id}}.

Openness. We show C5 (M) \ Drigiq is closed. Suppose p,, — pin C° with each Stab(p,,) # {id}.
Pick ¢,, € Stab(p,,) \ {id}. By compactness of GG, we can pass to a subsequence (not relabelled)
with p, — ¢ € G. Then p, o ¢, — p o ¢ uniformly, since |p,(¢n(p)) — p(@(P))] < llpn —
Plloo + |p(en(p)) — p((p))|, where the first term tends to zero and the second does so uniformly
in p because p is uniformly continuous and ¢,, — ¢ uniformly. As p,, o ¢, = p, — p, this gives
pow=p,sop € Stab(p).

If ¢ # id, we are done. If ¢ = id, then for large n, ¢, lies in a neighbourhood of id on which exp is
a diffeomorphism; write ¢, = exp(t,Y,) with ||Y,,|| = 1, t,, — 0T. Pass to a further subsequence
with Y,, — Y, ||Y|| = 1. By the fundamental theorem of calculus applied to s — p,, (exp(sY,) - p)
forany p € M,

0= pu(exp(ta¥,)-2) = pul) = [ (Lygpa)explsYs) ) ds

Dividing by t,, expresses 0 as the average of the integrand over s € [0,,]. Asn — oo, p, — pin C!,
Y, — Y, and exp(sY,,) - p — p uniformly in s € [0, ¢,]; so the average tends to (Ly+p)(p). Hence
Lyip=0,50Y € K(p) with ||Y]| = 1, giving exp(sY') € Stab(p) for all s, with exp(sY’) # id
for small s # 0 since exp is a local diffeomorphism at 0.

Density. We show every pg € Cg%(/\/l) lies in the closure of D,jgiq. The argument has two stages.
The first reduces k(p) to 0, so that Stab(p) becomes finite, and the second removes the remaining
finite symmetries.

Step 1: Reduce k to 0. We prove the following lemma: if k(p) = ¢ > 1, then every C*°-
neighbourhood of p contains some p' € CZH(M) with k(p’) < £ — 1. Iterating at most m times
yields p; € CZH(M) arbitrarily close to po with k(p1) = 0.

Let V := C*°(M)/Im(T},). For ¢ € C*°(M), define
Ty :K(p) =V, Y — [Ly: ).
Claim 1: for every nonzero'Y € K (p) there exists 1) € C°(M) with T (Y') # 0.

Since the action is effective and Y # 0, there is p € M with Y¥| » # 0. Choose local coordinates
(x',...,z%) on a neighbourhood U of p in which Y* = 9,1 (straightening theorem). Consider the
linear map
A:CE(U) = C*M), ¥ Ly = 0t

where functions on U are extended by zero to M. The image Im(A) is infinite-dimensional. For
instance, the functions 9,1 (- (z1)7) = x - j(21)I "L + (91 x) - (x1)?, for j = 1,2,3, ... and a fixed
bump x € C°(U) with x = 1 near p, are linearly independent in C'*° (M) (their Taylor expansions
at p have distinct leading orders).

On the other hand, Im(7,) € C°°(M) is finite-dimensional, of dimension at most m — ¢. An
infinite-dimensional subspace cannot be contained in a finite-dimensional subspace, so there exists
Y € CX(U) with Ly ¢ Im(T,), i.e., Ty (Y) # 0. This establishes Claim 1.

Fix a nonzero Yy € K(p) (possible since ¢ > 1) and let ¢ be as in Claim 1 for this Yj. Fix any norm
on the finite-dimensional subspace Im(7},) + T, (g) C C°°(M), in which all vectors below live. For

2Here g is the Lie algebra of G, not the Riemannian metric g.
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|s| small, p + st is positive, because p > 0 on the compact M and 1) is bounded, and p + s¢p — p
inC>® as s — 0.

Claim 2: k(p + sv) < £ — 1 for all sufficiently small s # 0.

Suppose not. Then there is a sequence s, — 0, s, # 0, with k(p + s,b) > £. Choose ¢-
dimensional subspaces L,, C ker T, .; by compactness of the Grassmannian of /-planes in g,
pass to a subsequence with L,, — L, dim L = ¢. We show L C K(p) with TML = 0; since
dim L = ¢ = dim K (p) this forces L = K (p) > Yy, contradicting T (Yy) # 0.

Fix a unit W € L and choose unit W,, € L,, with W,, — W. Decompose W,, = W,U + Z, with

ek (p), Z,, € K(p)*. Since T)| K(p)L 1s injective between finite-dimensional spaces, there is C

with | 2] < CIT,(2)] on K (p)*. From 0 = Ty, (Wa) = Tp(Za) + 50T (W) we get | Z, | <
Clsu| [[Tp(Wy)|| < CM]sy| — 0, where M := supy = [T, (V)]]; hence W = lim Wl e K(p).
Moreover Z,, /s, is bounded; pass to a further subsequence with Z,, /s, — W’ € K(p)~. Dividing
the displayed identity by s,, and letting n — oo gives T,(W') = =T, (W), so Ty (W) € Im(T},),
ie. Ty(W)=0.As W € L was an arbitrary unit vector, the claim follows.

Claims 1 and 2 prove the lemma, and iterating it completes Step 1. We obtain p; € CZH(M)
arbitrarily close to py with k(p;) = 0. Since Stab(p;) is a closed subgroup of the compact group G
with trivial Lie algebra, it is discrete, hence finite.

Step 2: Break the remaining finite symmetries. Let Stab(p1) = {id, ¢1,...,on}. Since k(p1) =0,
the linear map T},, is injective, so Im (7, ) is a subspace of dimension m.

Choice of the bumps. For each j, choose p; with ¢;(p;) # p;, which exists because ¢; # id moves
some interior point, and an open set U; > p; with U; N ¢;(U;) = 0, which exists because ¢, is
continuous. A bump ; € C2°(Uj;) then sits at points that ¢; moves, but not at their images, as in
Section 3. For bumps ¥ = (1, ... ,¥y) with ¢, € C(U;), put

N

D;(0) =Y (¥iow;—wi),  j=1...,N.
i=1
We choose ¥ with A (V) ¢ Im(7),, ) for every j, which is possible for the following reason. Each
Aj is linear in ¥, so Bj := {V¥ : A;(V) € Im(7),)} is a linear subspace of E := vazl Ce(Uy).
It is a proper subspace. On the j-th factor alone, A; is the map ¢; — v; o ¢; — 1);, and this map
is injective on C2°(U; ), because 1); o ¢, vanishes on U; when U; N, (U;) = 0, so ¢ 0 ¢; = 9;
forces 1; = 0 on U; and hence everywhere. Its image is therefore infinite-dimensional and not
contained in the m-dimensional space Im(7},, ), so some element of F lies outside B;. A real vector

space is not a finite union of proper subspaces, so some ¥ € FE lies outside By U - - - U B . Fix such
a U and write A; := A, ().

For e > 0 let
N
p3 = p1 +€Z¢j-
j=1
It is positive for small €, because p; > 0 on the compact M and the ¢»; are bounded, and p5 — p; in
C* as e — 0. Since p; 0 ¢; = p1,
p50p; —ps =€l forj=1,...,N, @)

and A; # 0 because 0 € Im(T,, ), so ; ¢ Stab(p5) for every € > 0. This is the bump that breaks
;. It remains to show that no new symmetry appears, that is, Stab(p5) = {id} for all sufficiently
small € > 0. Then p§ € Dyigiq is C*°-close to p1, hence to py, which proves density.

No new symmetry appears. Suppose not. Then there are £, — 0 and ¢,, € Stab(p§") \ {id}. Write
Pn 1= p5", S0 pp — p1 in C*°. By compactness of G, pass to a subsequence with ¢,, — ¢ € G.
The first paragraph of the openness argument, applied to p,, — p1 and ¢,, — ¢, gives @ € Stab(p1),
so ¢ = id or ¢ = ; for some j.

The limit is the identity. The second paragraph of the openness argument, applied to the same
sequences, produces Y € K (py) with ||Y|| = 1. Then k(p1) > 1, which contradicts k(p;) = 0.
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The limit is ;. Put x,, := Lp;l 0 Y, 80 Xn, — id and, for large n, x,, = exp(Y;) with Y,, — 0 in g.
Since p; o ¢; = p1, the identity p,, o ¢, = p;, reads

plOXn_plzan(z¢i_zwi°@jOX7L>- 3

If Y,, = O for infinitely many n, then ¢,, = ¢; along them, and Equation 7 gives ¢,A; = 0,
contradicting A; # 0. So Y,, # 0 for large n, and we write Y, = t, Y, with t,, := V.|| — 0T and
[ Yyl = 1. Pass to a subsequence along which Y;, — Y with ||Y|| = 1 and t,, /e, — A € [0, o0]. Fix
p € int M and evaluate Equation 8 at p. As in the openness argument, the fundamental theorem of
calculus gives

p1(xn(p)) — p1(p) = /O n (Lysp1)(exp(sYy) - p) ds =t [(Lysp1)(p) + o(1)],

because (Y, q) — (Ly:p1)(q) is continuous and exp(sY;,) - p — p uniformly in s € [0, %,]. On the
right-hand side, x,,(p) — p and the 1; and ; are continuous, so

en (20 wilp) = 2o vi(es(en(p)))) = en[-25(p) +0(1)].

Hence

tn[(Lyzp1)(p) + 0(1)] = en[-4;(p) +o(1)]. ©)
If A\ = oo, divide Equation 9 by ¢,, and let n — oo. This gives (Ly,p1)(p) = 0, and as p was
arbitrary, Y € K (p;) with ||Y|| = 1, which contradicts k(p;) = 0. If \ < oo, divide by &, instead.

This gives A (Ly;p1)(p) = —A;(p), and as p was arbitrary, A; = T, (=AY) € Im(7T,,), which
contradicts the choice of .

Both limits are impossible, so Stab(p5) = {id} for all sufficiently small € > 0. This completes the
density argument. O

B.3 Proofs for Section 4

Proposition B.9 (Proposition 4.1). Under HI-H2, the optimal couplings of Equation 2 are exactly
the couplings (id xT') 4 P, induced by isomorphisms T of (Z,,d,, P,) and (Zy,dy, Py). Under C1
the optimal coupling is unique and equals n* = (id x A) 4 P,.

Proof. The objective Jgw of Equation 2 is nonnegative.

Isomorphisms give optimal couplings. Let T' be an isomorphism. Since T P, = P,, the coupling
(id xT') g P, lies in II(P,, Py), and since d,(T(2),T(2")) = du(z,2’) for all z, 2/, its distortion
vanishes. The alignment A is an isomorphism by Proposition 2.3, so the minimum is 0 and the
optimal couplings are exactly those with Jgw () = 0.

Optimal couplings come from isomorphisms. Let n € II(P,, Py) with Jaw(n) = 0, and let S :=
supp(n) € Z, X Zp. The integrand |d, (2, 2") — dp(w,w’)|? is continuous and nonnegative, and
supp(n®mn) =8 x S, so

do(z,2") = dp(w,w") for all (z,w), (2',w’) € S. (10)

The projection of the compact set S to Z, is compact and carries full P,-mass, so it contains
supp(P,) = Z,, using that P, has full support (Section 2). Likewise the projection to Z; is Z;. If
(z,w1) and (z,w2) lie in S, Equation 10 applied to these two pairs gives dp (w1, w2) = dy(z,2) = 0,
$0 w1 = wa, and the same argument with the roles exchanged shows that (21, w), (22, w) € S forces
z1 = z2. Hence S is the graph of a bijection T": Z, — Z;, and Equation 10 says that 7" preserves
distances, so 7" is continuous. A coupling with first marginal P, that is supported on the graph of
the continuous map T equals (id xT") 4 P,, and its second marginal gives Ty P, = P,. So T is an
isomorphism and 7 is the coupling it induces.

Uniqueness under C1. By Proposition 3.1, C1 makes A the only isomorphism, so n* is the only
optimal coupling. O
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Proposition B.10 (Proposition 4.2). Under HI-H2 and C2, n* = (id x A)x P, is the unique optimal
coupling of the LDD-LP in Equation 3.

Proof. Write c(z,w) := W3 (®,(z,), ®y(w, -)) for the integrand of Equation 3, so that Jipp (1) =
J ¢dn. Since A is an isomorphism (Proposition B.5), ®,(A(z), ) = ®4(z,-) for every z € Z,
(Section 4.1), so n* € II(P,, P,) has cost f cdn* = 0. As ¢ > 0, the minimum is zero and n* attains
it. Let n € II(P,, P,) be any minimiser.

Under H1, distance spheres are Py-null (Remark A.16), so every LDD ®(z, -) is continuous in ,
and x — ®(z, -) is continuous in the supremum norm (Lemma C.3). Hence the set {(z, 2’) : © #
', ®(x,-) = ®(a’,-)} is the intersection of a closed set with an open set in the compact space
M x M, hence o-compact, and the collision set C of C2, its projection onto the first factor, is
o-compact and in particular Borel. Let C, := {z : ®,(2',-) = P,(z,-) for some 2z’ # z} be the
collision set of Z, and C, that of Z;. Since f, and f; are isomorphisms onto the data mm-space,

Co=f71C) and Cy = £, 1(C) = A(Ca). 50 Po(Ca) = Py(Cy) = Pu(C) = 0.

The cost c is continuous, because Wa (P4 (2, ), ®a (2, +)) < da(z, 2’) by coupling the two distance
distributions through one random data point, and likewise for b, and it is nonnegative, so [ ¢dn = 0
forces ¢(z, w) = 0 for n-almost every (z, w). For such a pair, ®,(z, -) and ®,(w, -) agree for almost
every r, and since both are continuous in r they agree for every r. Also n(C, x Z3) = P,(C,) = 0.
Disintegrate = [ 6, ® 1, dP,(z). For P,-almost every z, then, z ¢ C, and 7, is supported on
{w : ®p(w, ) = P,(2,-)}. This set contains A(z) and no other point. A second w # A(z) with
Oy (w, ) = Pp(A(2),-) would put A(2) in Cy, that is, z € C,. Hence 1), = 04 for P,-almost every
z,and n = (id xA)x P, = n*. O

The proof uses C2 directly and not C1. That C2 implies Cl1, as stated in Section 4.1, is Lemma C.1.

Lemma B.11 (Generic samples). Let z1,...,%,, n > 3, be i.i.d. from P,. Almost surely the sample
points are distinct, the pairwise distances d,(z;,z;), ¢ < j, are distinct, the rows of the distance
matrix are distinct as multisets, and no non-trivial permutation of the sample preserves all pairwise
distances.

Proof. The distribution of representations P, = (f;*

o) Paq has a density with respect to the volume
of g,, because Pp has one with respect to the volume of M and f, is an isometry onto M. In
particular P, has no atoms, so the sample points are almost surely distinct. Distance spheres have

volume zero (Remark A.16), so they have P,-measure zero.

All (g) pairwise distances are almost surely distinct. If two distinct index pairs satisfied d,(z,,z4) =
dq (2, 2s), some index would lie in exactly one of the pairs. Conditionally on all other sample
points, that point is forced onto a distance sphere, which has probability zero. Integrating over the
conditioning and taking a union over the finitely many pairs of index pairs gives the claim.

Let R; := {da(2:,2) : | # i} be the multiset of entries of row i. For ¢ # j, the multisets R; and
R; share the entry d,(z;,2;), and their remaining entries are distances between distinct index pairs,
hence pairwise distinct. Since n > 3, each row has at least one remaining entry, so R; # R;.

Finally, suppose a permutation 7 # id preserves all pairwise distances, and pick 4 with 7(¢) # 4. Then
R:iy = {da(27(5), 2rq)) : 1 # i} = {da(2i,21) : | # i} = R;, which contradicts the distinctness of
TOWS. O

Proposition B.12 (Proposition 4.4). In the permutation regime, under HI-H2 and with n > 3,
the empirical Jg almost surely has the unique optimal coupling 1, = % > 6(Zq7 2 ) for every

o (i
B € [0, 1]. This holds whether or not C1 holds.

Proof. Write n € H(Pa, ]51,) as an n X n matrix with row and column sums 1/n, the empirical
GW objective as Jaw (1) = X2, 5 ., |Chi. — C%; |*7:5m81, and the empirical LDD-LP cost as ¢;; =
W3 (®q(z8,-), Po (22, ), where & (28, 7) = L#{k : C4 < r}is the empirical distribution function
of row i of C*, and likewise for b. Both objectives are nonnegative. We work on the almost-sure
event of Lemma B.11.
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The coupling along o is optimal for both problems. Since A is an isometry, Cg(i)g(k) =
dy(A(z2), A(z8)) = do(28,28) = C&, so Jaw(ns) = 0. The same identity shows that row
(i) of C and row i of C are equal as multisets. Their empirical distribution functions therefore
coincide, ¢;;(;) = 0, and 71, has zero LDD cost.

GW has no other optimum. Let Jow(n) = 0, and let S := {(¢,4) : n;; > 0}. Every term of
Jow with (4, j), (k,1) € S vanishes, so Cf, = C’Jl-’l for all such pairs. If (4,5) and (i, j') lie in S,
this gives C]l-’j, = C% = 0,50 j = j' because the sample points are distinct, and symmetrically
(i,7),(i',4) € S forces i = i'. The marginal constraints put every ¢ and every j in at least one pair of
S, so S is the graph of a permutation ¢’ with C’b,( ) = C% . The permutation 7 := 0! 0 ¢’ then
satisfies O (k) = =C?, ol(k) = Clk, so it preserves all pairwise distances of the a-sample, and
Lemma B.11 gives 7 = 1d Hence o’ = o, and the marginals force n = 7,.

The LDD-LP has no other optimum. Two distributions on the line are at W5 distance zero only if
they are equal, and an empirical distribution function on a finite multiset determines the multiset. So

= 0 exactly when row i of C® and row j of C? are equal as multisets. Row j of C® equals row
0'_ 1(j) of C*, and the rows of C* are distinct, so ¢;; = 0 exactly when j = o(i). A coupling with
zero cost is therefore supported on the graph of ¢, and the marginals force it to be 7.

The fused problem has no other optimum. The empirical objective Jg(n) = (1 — B)Jaw(n) +
521-,]' cijnij is GW at 8 = 0 and the LDD-LP at 8 = 1. For 8 € (0,1) it is nonnegative and
vanishes at 7, by the first part, and its zeros are zeros of Jgw, SO 7, is its unique optimum by the
second part.

None of the arguments uses C1 or C2. O

Lemma B.13. In the permutation regime under HI-H2, almost surely for all sufficiently large n, the
alignment A is the only distance-preserving bijection T': (Z4,d,) — (2, dp) with T(z8) = zg(i)
for all i.

Proof. Let T be such a bijection. Since A(z¢) = 2 (1)» the map ¢ := A~1oT is a distance-preserving

bijection of (Z,,d,) that fixes every z¢. By Lemma A.11 its restriction to int Z, is a Riemannian
isometry. It remains to find sample points x1,...,x441 as in Corollary A.7. Fix p € int Z,. It
has a totally normal neighbourhood W C int Z,, so for some § > 0 and every x € W, exp,, is
a diffeomorphism from the §-ball of T,,Z, onto a set containing W [do Carmo, 1992, Chapter 3,
Theorem 3.7]. Since P, has full support, P,(1¥) > 0, and by the strong law of large numbers almost
surely at least d 4 1 of the z{ lie in W for all large n. Let 21 be the first of them. The others lie in a
normal ball around z1, and given x; they are independent draws from P, conditioned on W, which
is absolutely continuous. By the remark following Corollary A.7, their log-map images at x; are then
linearly independent almost surely. Corollary A.7 gives ¢ = id, so T' = A. O

Proposition B.14 (Consistency in the independent regime). In the independent regime under HI-H?2,
let n — oo. (i) Under C1, every sequence of global minimisers 1), of the empirical GW problem,
or of the empirical Jg for a fixed B € (0,1), converges weakly to n* almost surely. (ii) Under
C2, the same holds for minimisers of the empirical LDD-LP. (iii) In each case, let T,, minimise
Jdp(T(2), w)2 d7j, (z,w) over a class T of continuous maps 2, — 2, that is compact in the
uniform topology and contains A. Then T, — A uniformly on Z, almost surely.

Proof All spaces are compact metric spaces, so weak convergence of probability measures on them
is metrised by the Wasserstein distance W [Villani, 2009, Theorem 6. 9] and the space of probability

measures on Z, X Zj is compact. The empirical measures P" and P” converge weakly to P, and
P, almost surely [Billingsley, 1999]. We fix an outcome in thls event and in the almost-sure events
used below.

Approximating couplings. For every n there is n,, € H(P” 13") with 7, — n* weakly. To construct
it, take optimal couplings o, € II(P", P,) and f3,, € II(P,, Pb ) for W1, glue cv,, n* and 53,, along
their shared marginals [Villani, 2009, Chapter 1], and let n,, be the marglnal of the glued measure on

the first and last factors. Then n,, € TI(P, Py*) and Wy (7, 7*) < Wi (PP, Po) + Wi (Py, PI') — 0
for the sum metric on the product.
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(i) The objective Jgw of Equation 2 is defined for every probability measure  on Z, x Z. Its
integrand is continuous and bounded, and n,, — 7 weakly implies 7, ® n, — 1 ® n weakly,
so Jgw is weakly continuous. The empirical GW problem minimises Jgw over H(Pg‘, ]3,')”), SO
Jow (M) < Jaw () — Jaw (n*) = 0. Let 7} be the weak limit of a subsequence of (7, ), which
exists by compactness. Its marginals are the limits of the empirical marginals, so 7j € II(P,, P,), and
Jaw (77) = 0 by continuity. Under C1, Proposition 4.1 gives 77 = n*. Every subsequence thus has a
further subsequence converging to n*, so the whole sequence does.

(ii) Write ®o (2, 7) := P,(Ba(z,7)) and 7 (z, 1) := P"(B4(z,r)), and likewise for b, for r in [0, R]
with R the diameter of M, which Z,, and Z;, share. We first show sup, ,. |87 (2, 1) =B (z,7)| — Oal-
most surely. The map z — ®,(z, -) is continuous in the supremum norm (Lemma C.3), so its image is
compact in the continuous functions on [0, R], hence equicontinuous, and ®,, is uniformly continuous
on Z, x [0, R]. Given € > 0, choose § > 0 with |®,(z,r) — ®,(2,r")| < & whenever d,(z,2") <6
and |r — /| < ¢, and a finite d-net 21, . . ., zx of Z,. For d,(z, z;) < 0 the triangle inequality gives
Bu(zi,m — 8) C Ba(2,7) C Ba(z,7 + 6), hence &7 (2, r — 8) < ®7(z,7) < ®" (2,7 + 6). For
each of the finitely many z, r — @Z(zk, r) is the empirical distribution function of d, (2, -) under
I:’;L, which converges uniformly in r almost surely by the Glivenko—Cantelli theorem. Combining
the sandwich with uniform continuity gives lim sup,, sup, ,. |®7(z,7) — Bo(z,7)| < &, and letting
¢ — 0 along a sequence proves the claim. The empirical cost ¢, (2, w) 1= W3 (i)g(z, D), &0 (w, )
therefore converges uniformly to the population cost ¢, because W3 < RW; < R?||F — F'|| for
two distributions on [0, R] with distribution functions F and F”, and |W3 (i, v) — W3 (u',v')| <
2R(Wa(p, ') + Wa(v, ")) for distributions on [0, R]. The population cost is continuous because
W2 (®a(z,+), ®a(z',+)) < da(z,2’), by coupling the two distance distributions through one random
data point. Then

/cdﬁn < /cn drjn+len—clloo < /cn dnn+tlen—clloo < /cdnn—l—Qch—cHoo — /cdn* =0.

Any weak limit point 77 of (#},,) lies in II(P,, P;) and has [ ¢dfj = 0, so it is optimal for the LDD-LP,
and under C2 Proposition 4.2 gives 77 = 1. The subsequence argument of (i) concludes.

The fused problem. For 8 € (0,1), let 7, minimise J5 (1) := (1 — B)Jaw(n) + B8 [ ¢, dn over
(P, Py). Then (1 — B)Jaw (fn) < J5 () < J5 (11.) — 0, by the continuity of Jgw in (i) and
the uniform convergence of ¢,, in (ii), so every limit point 7 has Jaw (77) = 0, and under C1 it equals
1 by Proposition 4.1. The subsequence argument of (i) concludes.

(iii) Let F,(T) := [dp(T(2),w)?dn(z,w), and let D be the diameter of Z,. For maps 7,7,
|Fo)(T) — F,,(T")| < 2Dsup, dy(T'(2),T'(2)) for every n, so each F), is continuous on 7 and
minimisers exist. Given ¢ > 0, take a finite e-net T, ..., Tk of T in the uniform metric. Each
(z,w) — dp(Tk(2),w)? is continuous and bounded, so Fy;, (T}) — F,- (T}) by (i) or (ii), and

sup | Fy, (T) — Fp+ (T)| < 4De + max |F5, (Tk) — Fp (T3]
TeT

Hence F;, — F,« uniformly on 7. The limit is F,«(T) = [ dyp(T(2), A(2))* dP,(z), which
vanishes exactly when T' = A P,-almost everywhere, and hence everywhere since T and A are
continuous and P, has full support. Let T be the uniform limit of a subsequence of (Tn) which
exists by compactness. Then F, (T) = lim F,, (T,,,) < lim F;, (A) = F-(A) =0,50T = A,
and the subsequence argument concludes. O

The next result makes the margin quantitative for the LDD-LP. It needs one hypothesis beyond
H1-H2, a uniform bound on how fast ball masses grow,
|®(z,r) — ®(z, )| < K |r —1'| forallz € M and r,7’ >0, (11)

that is, the distance from a point to a random data point has a density bounded by K, uniformly in
the point. On a closed manifold this follows from HI. Let ||p||o bound the density of Py and let
S(z, s) be the distance sphere of radius s around x. For ' < r, the coarea formula of Appendix A,
with [Vdaq(x, )| = 1 almost everywhere, gives

B(a1) — 0ar') = Paa({r' < dpal) 7)) < ol [ 07 (502 5)) s

T
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The sphere S(z, s) is contained in exp, ({v € T, M : |v| = s}), whose (d—1)-dimensional area
is at most s~ times the integral over the unit sphere of T, M of ||d(exp,)s,||?"! by the area
formula. This is bounded uniformly in  and s < R, because exp is smooth on the compact set
{w € TM : |w| < R}, so Equation 11 holds with K equal to ||p||o times that bound. With a
boundary we state it as a hypothesis. Throughout, R is the diameter of M, which is also the diameter
of Z, and Z;,, LDDs are functions on [0, R], the empirical LDDs are ®,(z,7) := P,(B,(z,r)) and
likewise for b, c,, is the empirical LDD-LP cost built from them, and

Op 1= Slip Wa (Ci)a(zv ')7 ‘I)u(za )) + S?Up Wy ((i)b(wa ')7 (I)b(w7 ))

is the estimation error of the LDDs, with W, between the distributions on [0, R] that have these

distribution functions. For such distributions W2 < RW; < R?||F — F'||s, 50 &, is at most Rv/2
times the square root of the estimation error in the supremum norm over the point and the radius. The
bounds below hold for any two samples. The sampling regime enters only through the rates at which

Wi (Pa, P,), W,y (]51,, Py) and ¢, vanish, and in the independent regime all three tend to zero almost
surely by the proof of Proposition B.14 and the inequality above.
Proposition B.15 (Stability of the LDD-LP). Assume HI-H2 and Equation 11 with constant K,

and let R be the diameter of M. (i) For every probability measure 1 on Z, X 2y, and every t with
m(t) > 0,
K2
n({(z,w) 1 dy(w, A(2)) > t}) < — / cdn. (12)
m(t)
(ii) For any two samples, a minimiser 7, of the empirical LDD-LP satisfies

/cdﬁn < QR{Wl(I:’a,Pa)+W1(Pb,Pb)+26n}, (13)

with W1 taken in d, and dy. (iii) Let B,,(t) be K?/m(t)? times the right-hand side of Equation 13.
In the metric max(d,, dp) on Z, X Zp,

~ * < i 2 )
dP(Umn ) = %gg max {t7 Bn(t)} +dP(Pa’Pa)

Proof. Write c(z,w) = WZ(®4(z,-), ®y(w,)) for the population cost and recall ®,(z,) =
D(fu(z),-) and ®p(w, ) = ®(fp(w), ). For two distributions on the line, the squared Wasserstein
distance is the squared L? distance between their quantile functions F~1(u) := inf{r : F(r) > u}
[Villani, 2009], as in Section 4.1.

LDDs are Lipschitz in the point. If dp(z, ") = u, the triangle inequality gives Baq(z',r — u) C
Bum(x,r) C Bpm(2, 7 + u), and Equation 11 gives ||®(x, ) — ®(2/,-)|lcc < Ku. Since f, and fp,
are isometries onto M, the same holds for &, in d,, and for ®; in dp.

(i) Mismatched pairs have large cost. Let (z,w) satisfy dy(w, A(2)) > t, and put x := f,(2) =
fo(A(2)) and y := fp(w). Then dpq(x,y) = dp(A(2),w) > t,s0 F := ®(z,-) and G := P(y,-)
satisfy ¢ := ||F—G||s > m(t). By Equation 11, both are K -Lipschitz, so the supremum is attained at
some 7, and after exchanging the two we may assume F'(rg) = G(ro) + 9. Letu € (G(ro), F(r9)),
an interval of length §. Since F is continuous, F/(F~1(u)) = u, and F(rq) > u gives F~*(u) < r¢;
the Lipschitz bound F(ro) — u < K (rg — F~*(u)) then gives F~*(u) < 1 — (F(r¢) — u)/K. In
the same way, G(ro) < u gives G~ (u) > o and u — G(ro) < K (G (u) —r9), s0 G (u) >
7o + (u— G(rg))/K. Hence G™1(u) — F~1(u) > §/K on an interval of length §, and

e(z,w) = /0l (F~'(u) — G_l(u))zdu > 6(%)2 = %32 m(t)3.

Markov’s inequality gives Equation 12 for every probability measure 7).

v

The cost is Lipschitz, and close to its empirical version. Let x,2' € M with dyp(z,2') = u
and let Y ~ Pj4. The pair (d Mm@, YY), dp (2, Y)) couples the two distance distributions, and
ldpi(z,Y) —da(2',Y)| < u by the triangle inequality, so W2 (®(z, ), ®(a,-)) < u. All distances
lie in [0, R], so every W between two LDDs is at most R, and |a? — b?| < 2R|a —b| for a, b € [0, R).
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The triangle inequality for W5 then gives |c(z, w) — ¢(2/,w’)| < 2R(dq(2,2") + dp(w,w’)), and,
with ¢, (2, w) = W3 (@a(z, ), @y (w, ))s En = SUP,_, |en (2, w) — c(z,w)| < 2R b,

(ii) The computed coupling has small population cost. Let « € H(Pa, P,)and g € H(Pl77 P,) be
W1 -optimal couplings in d, and dp. Gluing o, n* and 3 along their common marginals gives a
probability measure on quadruples (2, z, w, w) with (2, 2) ~ a, (z,w) ~ n* and (w, ) ~ B. Its
(2,0)-marginal n,, lies in H(Pa, 151,), and the quadruple couples 7),, with n* at expected displacement
E[da(2, 2) + dy(,w)] = Wi(Pa, P) + Wi(By, Py). Since [cdn* = 0, the Lipschitz bound
on c gives [cdn, < 2R(W1(Pa, P,) + Wy (P, P,)). As 7, minimises [ ¢, over II(P,, B,) and
le — cn| < en,

/Cdﬁn S /Cn dﬁ71+5n S /Cn dnn+5n § /Cd7771+25n § 2R [Wl(Pa7Pa)+Wl(pb7Pb)+2 677, )

which is Equation 13.

(iii) Prokhorov distance. Let Sy := {(z,w) : dp(w, A(z)) > t}, so that 7,,(S:) < Byp(t) by (1)
and (ii), and let 7(z, w) := (2, A(2)), so that 747, = (id x A) 4 P,. Off S;, the point (z,w) lies
at distance less than ¢ from 7(z,w). For a Borel set B and its open s-neighbourhood B?, with
s := max{t, B,(t)},

Mn(B) < (B \ St) +1n(St) < (T40n)(B®) + s,

so dp (ﬁm (id XA)#PG) < s [Billingsley, 1999]. The map id X A is an isometric embedding
of (Z,,d,) into (Z, x 2, max(dq,dp)), because A is an isometry, so dp ((id XA)#Pa,n*) <
d p(Pa, P,). The triangle inequality and the infimum over ¢ conclude. O

The bound does not involve A on its right-hand side, and its margin is the supremum-norm margin of
Definition 4.3 that the test of Section 4.1 estimates. If in addition m(¢) > at® for small ¢, choosing ¢
to balance the two terms of the Prokhorov bound turns it into a rate in the sampling and estimation
errors. Of these, the W terms decay as n~1d for d > 3, the rate of Fournier and Guillin [2015] for
measures on R?, which transfers to (Z,, d,) and (Zy, d;) through finitely many bi-Lipschitz charts
of the compact d-dimensional M. We do not evaluate either bound, since K, a and « are unknown
for learned representations, and at practical sample sizes the constants make the bound uninformative.
We give no analogous bound for GW, since C1 carries no margin.

B.3.1 Fused GW

This subsection proves the uniqueness of the optimum of the fused objective Jg of Equation 4
stated in Section 4.1, for 3 € [0,1) and with ¢ the cost of Equation 3. For a coupling 7, let
Ly (z,w) = [[|da(z,2") — dp(w,w)|* dn(z’,w’), so that the GW objective at 7 is (L., 7) and the
derivative of Jg at 7 in the direction " — nis (2(1 — 8)L, + B¢, 0’ —n).

Lemma B.16 (The LDD-LP term is a pointwise lower bound). For every n € II(P,, P,) and all
(z,w), c(z,w) < Ly(z,w). In particular, the LDD-LP objective is at most the GW objective at every
coupling.

Proof. Pushing 7 through (2, w’) — (dq(z, 2"), dp(w,w’)) gives a coupling of the distance distribu-
tions of z and w, because the marginals of 1 are P, and P,. Its cost is L, (z, w), and c¢(z, w) = W3
is the least cost of such a coupling. O

The lemma puts the two terms of .J3 in the same units, so the weight 8 compares like with like and
neither term needs rescaling.

Proposition B.17 (Unique optimum). Under HI-H2 and CI, n* is the unique minimiser of Jg for
every 8 € [0, 1).

Proof. Both terms are nonnegative. Both vanish at n*, the GW term because A is an isometry and
the LDD-LP term because A preserves LDDs (Section 4.1). Since 1 — 3 > 0, a zero of .Jg is a zero
of the GW objective, and under C1 the only one is n* (Proposition 4.1). O
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Jg is not convex for 8 < 1, since its second derivative is (1 — B) times that of the GW objective,
which is negative in some directions, for example when two points exchange the points they are
coupled to. We prove no guarantee for its stationary points. What the linear term adds is visible at the
independent coupling P, ® P,, where solvers usually start.

Proposition B.18 (Linearisation at the independent coupling). Let e, (z) and v,(z) be the mean and
variance of do(z,Z") for Z' ~ P,, and ep(w) and vp(w) those of dy(w, W') for W' ~ P,. Then

Lp,apr,(z,w) = (eq(2) — eb(w))2 + v (2) + vp(w).

Proof. Under P, ® P, the distances s = d,(z,Z’') and ' = dp(w, W’) are independent, so
E(s — ') =Es? + Es”? — 2EsEs’ = (eq(z) — eb(w))2 + v (2) + vp(w). O

The terms v, (z) and v, (w) add the same constant to the cost of every coupling, so a transport step
from P, ® P, with this cost compares points only by their mean distance to all others. The step for
Jg adds fc to the cost and compares their whole LDDs.

B.4 Symmetry breaking in vMF mixtures

Section 3 builds P,,;x from three vVMF components whose placement breaks every symmetry of the
sphere (Figure 2, right). This subsection proves that it does, for YMF mixtures on S¢. For ¢ € S¢ C
R and x > 0, the vMF density with respect to the round volume is p. . (z) = Cy(x) (),
with Cy(k) the normalising constant. Every isometry of the round sphere is the restriction of an
orthogonal map @ € O(d+ 1) [do Carmo, 1992]. Q preserves the volume, and (¢, Q@ 'z) = (Qc, z),
so it maps one component onto another, Q. (p,x dVol) = pg.,, dVol. A symmetry of a mixture
therefore permutes its components, because distinct components are linearly independent:

Lemma B.19 (Linear independence of spherical exponentials). Let 6,...,0r € R (d > 1) be
pairwise distinct. Then the functions © — e\%) m =1,... K, are linearly independent on S°.
Consequently, vMF components with pairwise distinct parameters (Cp,, Km,) are linearly independent,
since (c, k) — kc is injective on S% x (0, 00).

Proof. Suppose Y, anel%®) = 0forallz € S Choose u € S¢ avoiding the finitely many proper
hyperplanes {u : (0, — 6;,u) = 0}, m # [, so that the values oy, := (0,,, u) are pairwise distinct,
and fix any unit v L w, setting B, := (6,,, v). Restricting to the great circle y(t) = cost-u+sint-v
gives

K
h(t) = Z am em cost+fBm sint _ 0 VieR.
m=1

The function h extends to an entire function of ¢ € C and vanishes on R, hence vanishes identically
on C. Evaluate at t = —iy with y > 0. Since cos(—iy) = coshy and sin(—iy) = —isinhy, the
m-th term has modulus |a,, | e®™ " ¥, Let m* be the index of the (unique) largest ,,, among those
with a,,, # 0; if any coefficient is nonzero, then dividing h(—iy) = 0 by e*m* ©sh¥ and letting
y — oo leaves |a,,» | on one side and 0 on the other, a contradiction. Hence all a,,, = 0. O

Proposition B.20 (Rigidity of vMF mixtures). Let d > 2 and let p = 25:1 Wyn, Pe,, kYOl OB
(8%, gga) with K > d + 1, parameters (Cp, ki) pairwise distinct, w, > 0, > wy,, = 1. Assume

(i) some d + 1 of the centres cy, . .., cx are linearly independent in R, and

(i) at least one of: (a) the weights w,, are pairwise distinct; (b) the concentrations k., are
pairwise distinct; (c) the pairwise geodesic distances d(c;, c;), © < j, are pairwise distinct.

Then Aut(S%, gga, ) = {id}, so CI holds.

Proof. Let Q € Aut(S?, gga, ) C O(d+1),s0 that " Wi PQern iim = Do Win Peyn i - St€P 0:
Q permutes the components. The parameters (Qc,,, k., ) are pairwise distinct, as are the (¢, K, ).
Collect both sides over the union 7" of the two parameter sets, ZTeT arpr = 0, where a, is the
weight of 7 on the left minus its weight on the right, each at most one w,,. By Lemma B.19,
every a, = 0. For 7 = (Qc¢p, ki) the left contributes w,, > 0, so some unique 7(m) has
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(Cr(m)s Fn(m)) = (QCm,Km) and Wy (m) = wy,. The map 7 is injective, since @ is, so it is a
permutation.

Step 1: w = id. Under (ii)(a), 7 preserves the pairwise distinct weights, so 7 = id; under (ii)(b), the
same argument applies to the concentrations. Under (ii)(c), since @ is an isometry, d(cy (), Cr(j)) =
d(Qc;, Qcj) = d(c;,¢j) for all ¢ < 7, and as all pairwise distances are distinct, 7 maps each
unordered pair {, j} to itself. If = # id, pick ¢ with w(i) = j # ¢ and any [ ¢ {i, j}, which exists
since K > d + 1 > 3. Pair preservation gives 7 (i) € {i,1}, yet n(i) = j ¢ {i, [}, a contradiction.
Hence 7 = id.

Step 2: Q) = I. From 7 = id we get Qc¢,,, = ¢, for all m. By (i), @ fixes d + 1 linearly independent
vectors in R4+, that is, a basis, so Q=1 O

Condition (i) cannot be dropped, since the reflection in a hyperplane that contains every centre fixes
each of them and preserves the mixture. Pp,;x satisfies (i) and all three branches of (ii) (Appendix E. 1),
so C1 holds for it.

C The gap between C1 and C2

The two problems of Section 4.1 need different conditions on the data mm-space. GW compares all
pairwise distances, and under symmetry breaking (C1) its optimal coupling is unique (Proposition 4.1).
The LDD-LP compares points only through their LDDs, and its optimal coupling is unique under
distinguishable points (C2) (Proposition 4.2). The second condition is the stronger one. A symmetry
preserves distances and Py, so it preserves every LDD, and under C2 it cannot move any point:

Lemma C.1. Under Hl, C2 implies C1.

Proof. Let S be a symmetry. It maps every closed ball onto the closed ball of the same radius around
the image of the centre, and it preserves Ppy, so ®(S(z), ) = ®(z, -) for every x. If S(z) # z, then
x shares its LDD with the distinct point S(x), so z € C. Hence S = id on M \ C, which has full
measure by C2 and is therefore dense, since the positive density of H1 gives every open set positive
mass. S is continuous, so S = id everywhere.

C.1 Collisions without symmetries

The converse fails, because two points can share an LDD although no symmetry exchanges them.
Small balls show how much such a collision requires. For x in the interior of M and small r, the
mass of a ball expands as

_ Scal(z) Ap(z)
6(d+2)  2(d+2)p(z)’

where d = dim M, w, is the volume of the unit ball of R?, p is the density of Py, and Scal and A
are the scalar curvature and the Laplace-Beltrami operator of g. Gray [1974] derives the expansion
for p = 1, and expanding p in normal coordinates around x adds the term with Ap. Higher orders
add coefficients cq4, cg, . . . built from the curvature, p and their derivatives at x, and each of them can
be read off ®(z, -) as r — 0. Two points with the same LDD therefore agree in p, in every coefficient
and in the mass of every larger ball. These are infinitely many equations on the 2d coordinates of the
pair, so for a density without special structure we expect collisions to be rare and C2 to hold. Unlike
for C1 (Proposition 3.2), we do not prove this.

O(z,7) = warlp(e)[1 + c2(2) r* + O(r")],  ea(z) =

A map that preserves every LDD, however, produces a collision at every point it moves. A symmetry
is such a map, and C1 rules it out. A map that preserves Py, and every LDD, but not distances, is
another, and on the following torus it moves almost every point:

Proposition C.2. Let M be the flat torus R?/2nZ° embedded in R* by z
(cosxy,sinxy, cos xa,sin xs), and let Py have the density
1
plx) = y (1 + § cosxy + § cos(x1 + x2) + 1 sin 2:1:1)
with respect to its area. This data mm-space satisfies HI and Cl. The map 7(x) = (x1, —2x1 — x2)

satisfies ®(7(x),-) = ®(z,-) for every x, and 7(x) # x unless x1 + x2 € 7Z, so the collision set
has full measure and C2 fails.
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Proof. The embedding has orthonormal partial derivatives, so it induces the flat metric dx% + dm%,
its area is the Lebesgue measure on [0,27)?, and d is the distance of the flat torus. M is a
smooth, compact and connected surface in R%. The density p is smooth, positive because the three
trigonometric terms add up to at most % in absolute value, and integrates to one because each of them
integrates to zero, so H1 holds.

LDDs. Translations of the torus are isometries, so da(z,y) = ||y — z||m with ||v]|aq = daq(0,0),
and || — v||pm = ||v]lm. Hence @(z,7) = [ p(x + v) xr(v) dv with x,.(v) = I{|Jv||pm < 7},
which is even in v. For k € Z2, evenness gives [sin(k - v) x,(v)dv = 0, so with ¢, (k) :=
J cos(k - v) x»(v) dv the addition formulas give

O(x,r) = ()ZT(O) + i)%r(l, 0) cosx1 + i)ZT(L 1) cos(z1 + z2) + i)ZT(Z, 0) sin 23@1).
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The map 7 is x +— Bz with B = (_12 O ) B has integer entries and determinant —1, so 7 is a
well-defined bijection of the torus, and 7 o 7 = id. It leaves 1 and 2z, unchanged and maps x; + =2
to —(z1 + 22), so the formula above gives ®(7(z), r) = ®(z,r) for every r. On the torus, 7(z) = z
if and only if 2(z1 4+ z2) € 2wZ, which holds on two closed curves, a null set. Every other point
shares its LDD with the distinct point 7(x), so C has full measure.

Symmetry breaking. Let S be a symmetry. Since R? is simply connected, S lifts through the
quotient map R? — M to a continuous map S of R2. The quotient map preserves distances between
points less than 7 apart, so S preserves Euclidean distances on a neighbourhood of every point and
agrees there with a rigid motion. Two rigid motions that agree on an open set are equal, and R? is
connected, so S(z) = Oz + b with O € O(2) and b € R2. S(x + 27n) and S(z) project to the
same point for every n € 72, s0 On € 72, the columns of O are integer unit vectors, and O is a
signed permutation matrix. S preserves the area, so Sy Pxq = Paq and the continuity of p give
po S = p. Bach term cos(k - x) or sin(k - x) of p becomes a term of frequency O Tk in p o S, since
k-(Ox+0b) = (OTk)-x+ k- b. The functions e'**, k € Z2, are orthogonal, so p o S = p forces
O to map the frequencies +(1,0), (1, 1), £(2, 0) of p onto themselves. Their lengths 1, /2 and
2 differ, and O preserves lengths, so O T (1,0) = £(1,0) and O (1,1) = £(1, 1), which leaves
O = +1. If O = I, the terms of frequency (1,0) in p(z + b) = p(z) give cos(x1 + b)) = cosxzy,
s0 by € 27Z, and those of frequency (1, 1) give by + by € 277, s0 S = id. If O = —1I, the terms
of frequency (1,0) in p(b — ) = p(x) give cos(by — x1) = cosxy, so0 by € 2nxZ. The terms of
frequency (2, 0) then require sin(2b; — 21 ), which equals — sin 21, to equal sin 2z, for every 1,
which fails. Hence S = id and C1 holds. O

The map 7 preserves the area, since | det B| = 1, and p o 7 = p, so it preserves Py and every LDD.
It does not preserve distances, since for small s > 0 it maps the point (s, 0), at distance s from

0 = 7(0), to (s, —2s), at distance /5 s.

The sphere example of Section 3 also has collisions without symmetries. There, three vVMF com-
ponents with distinct weights and concentrations break every symmetry of the sphere, which gives
Phix (Figure 2, right). The experiments of Section 6 add the same mixture with equal weights and
equal concentrations. It still satisfies C1, because its centres c1, co, c3 are linearly independent with
distinct pairwise angles (Proposition B.20, (i) and (ii)(c)), but its LDDs collide on curves. The mass
of a cap under one component depends only on the angle between the centre of the cap and that
of the component. With equal weights and concentrations, ®(z, -) therefore depends only on the
multiset of inner products {(x, c,,)}3,_;. Let V be the matrix with rows ¢y, c2, c3, and let P #
be a permutation matrix. The point y = V ~'PVx has the inner products of x in another order,
so ®(y, ) = ®(x,-) whenever ||y|| = 1. These x form the zero set on S? of the quadratic form
|[V=1PVz||?> — ||z||*. The form is not zero, because an orthogonal V=1 PV would have a transpose
that permutes the centres and preserves their pairwise angles, which their distinct angles rule out for
P # I. Tts zero set on S? is therefore null (Lemma A.17). Three of the colliding pairs are antipodal.
For {1, j, k} = {1, 2,3}, the point x;, « (¢; + ¢;) X ¢ has inner products a, —a and 0 with ¢;, ¢;
and ¢, with a # 0 because the centres are linearly independent, and —x, has the same multiset.

C.2 The margin

Since LDDs are estimated from samples, Section 4.1 requires them to be well separated and measures
their separation by the margin m(t) of Definition 4.3. The margin fixes a separation ¢, because nearby
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points have nearby LDDs, so over all pairs of distinct points the smallest distance between LDDs is
zero, with or without collisions:

Lemma C.3. Under HI, the map x — ®(z,-) is continuous in the supremum norm.

Proof. Under Hl1, distance spheres are Py¢-null (Remark A.16), so each ®(z, -) is continuous, and it
equals 1 from the diameter R of M on. Fix  and 2’ and let u = d (2, 2). By the triangle inequality,
the closed balls of radius r around x and «’ differ only within the shell {z : |daq(z, 2) — r| < u}, so
|®(z,7)—P(2’,7)|is at most the mass of this shell. Asu — 0, the shells decrease to a distance sphere,
which is null, so ®(2’,r) — ®(x, r) for every r. For uniformity, let ¢ > 0 and choose radii 0 = ¢ <
- < rp = Rwith ®(z,741) — ®(z, 1) < €. For 2’ close enough to z, |®(a', 7)) — ®(z,7)| < €
at every r;. For r € [r, r;41], monotonicity then gives ®(z,r) < ®(a',741) < ®(z,7) + 2€ and
likewise @ (z',r) > ®(z,7) — 2¢, 50 || P(2, ) — P(z, ) [|o < 2€.

At a fixed separation, a positive margin rules out every collision, and by compactness the converse
holds as well:

Proposition C.4. Under HI, the collision set C is empty if and only if m(t) > 0 for every t € (0, R).

Proof. If m(t) > 0 for every t, two points x # y are admissible in the infimum of m(d(x,y)),
so their LDDs differ. Conversely, let C be empty and suppose m(t) = 0 for some ¢. Choose pairs
(Tny Yn) With dpag(Tn, yn) > t and || 2(zy, ) — ®(yn, )|l — 0. By compactness, a subsequence
converges to a pair (z,y) with da(x,y) > ¢, so x # y, and by Lemma C.3 ®(z, -) = ®(y, -), which
contradicts C = (). O

A positive margin at every separation is therefore stronger than C2, which allows a null collision set.
One pair of colliding points at separation s makes m(t) = 0 for every ¢ < s. In the sphere example,
the antipodal pairs of the equal-parameter mixture make its margin zero at every separation, and so
do the colliding points of P,,;f and P\, which lie up to 7 apart.

The separation is also the resolution at which A is recovered. If the estimation error of the LDDs
is small against m(¢), the LDD-LP puts little mass on pairs (z,w) with w at least ¢ from A(z)
(Proposition B.15). Since m is non-decreasing in ¢, a finer resolution comes with a smaller margin.

C.3 The margin test

From samples we cannot compute the margin, but we can test whether two query points at least ¢
apart share an LDD. The test compares the smallest distance between their empirical LDDs with the
accuracy that the DKW inequality guarantees for each of them:

Lemma C.5. Let s1,...,sy and q1, . . ., qi be independent samples from Py, let ®; (r) = %#{] :
dm(gi, s;) < r} be the empirical LDD of ¢;, and let en = /In(2k/§)/2N. Fort > 0, let
m(t) be the smallest | ®; — @, ||oc and my,(t) the smallest ||®(g;,-) — ®(q;, -)||oo, both over pairs
with daq(qs,q;) > t. With probability at least 1 — 6, simultaneously for all t, (i) every pair with
dm(qi, ;) > tsatisfies || (g, -) — ®(gj, )|loo = (t) — 2en, (i) [(t) — mi(t)| < 2en, and (iii)
m(t) < 2en implies m(t) < 4ep.

Proof. Given g;, ®; is the empirical distribution function of the N i.i.d. distances d¢(g;, s;), whose
distribution function is ®(g;,-). The DKW inequality with Massart’s constant (Theorem A.22;
Dvoretzky et al., 1956, Massart, 1990) and a union bound over i give the event E that Hfi)Z —
D(gi, *)||oo < en for all 4, with probability at least 1 — §. On E, the triangle inequality moves every
pairwise distance between LDDs by at most 2¢ y, which gives (i). The minima /7(¢) and my(t) run
over the same pairs, so they also differ by at most 2¢ 7, and both equal +oco when no pair is ¢ apart,
which gives (ii). If m(¢) < 2, the pair that attains it is at least ¢ apart and has LDDs at most 4¢ x
apart, which gives (iii). The event E does not depend on t. O

By (i), the probability that 7i(t) > 2 while two query points at least ¢ apart share an LDD is at

most 8, so rejecting when £(t) := 1(t)/2ey > 1 is a level-d test. By (ii), the test detects a margin
m among the query points once 4& < m, that is, with more than 8 In(2k /&) /m? reference points.
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Remark C.6 (Estimation and coverage). Lemma C.5 controls the estimation of each LDD, but not
how well the query points cover M. Their margin my(t) is an infimum over fewer pairs than m(t),
so my(t) > m(t), and the two meet only as the queries become dense. Whether the test finds a
collision therefore depends on how many points share an LDD. Under P,is and P\, every point
shares its LDD with a continuum of others, random queries land near one of them, and the test does
not reject. In the equal-parameter mixture, the collisions above lie on curves and a random pair of
queries rarely lies on one, so the test can reject although m(t) = 0, which two of the three seeds do
at separations from 1.67 on, where few query pairs remain, while the mean in Figure 3c stays below
1. A rejection thus bounds the LDD distances of the queried pairs only.

In low dimension, the queries can cover M, and the estimate then bounds m(t) itself. Under
Equation 11, LDDs are Lipschitz in the point, ||®(z, ) — (', )] < K dm(z,z’) (proof of
Proposition B.15). If every point of M lies within y of a query point, every pair at least ¢ apart lies
within v of a query pair at least ¢ — 2+ apart, so on F/

m(t) > m(t —2y) —2en —2K7.

The number of query points such a cover needs grows exponentially with the dimension of M.

The experiments evaluate every LDD on a grid of radii (Appendix E.1). A supremum over the grid
is at most the full supremum, and the DKW bound is uniform in 7, so everything above holds with
the grid norm in place of || - ||, except that (iii) needs 4ey + K h in place of 4e y for radii & apart,
since the difference of two LDDs is 2K -Lipschitz in 7.

D The NGMA procedure

NGMA turns the two stages of Section 4 into an estimator. Three things separate it from the idealised
procedure analysed there. The latent distances are not given and have to be estimated from the
decoders. The coupling comes from a non-convex solver. And the map is a neural network fitted
without a single pair, so model selection has to work without pairs too. This appendix gives the
details of Section 5 in the same order, and Algorithm 1 summarises the procedure.

The input is computed from the decoders. Following Syrota et al. [2024], each model has an
ensemble of K decoders f, 1, ..., fo,x on one encoder, and the metric tensor at z is the expected
pullback metric

1 K
Gal2) = 2 D 1 (2) T p (), (14)
k=1

which grows where the decoders disagree, that is, away from the data. Geodesic distances require a
boundary value problem for every pair, which is out of reach for n? pairs. We instead measure each
pair by the length of the straight segment between them under Equation 14, discretised into 7 steps
(T = 32 for the VAEs and T' = 10 for the scVI models of Appendix E.6),

T

a 1 X 1/2 a a a
cij—Z(K’;Hfa,k(zt)fa,k(zt_1)||2) L m=d A ), (5

t=1

and likewise for C®. Both the ensemble metric and the segment length approximate the pullback
geometry of Section 2, and the results of Section 4.2 do not cover either approximation. In Appendix E,
pullback distances are these segment lengths, except where Appendix E.4 compares them with
geodesics.

The coupling is computed by entropic GW [Peyré et al., 2016] on J3, with C® and C* both divided
by the mean of their two mean entries, which fixes the overall scale and keeps the relative scale of
the two spaces, and with the cost ¢ of Equation 3 computed from the same normalised distances.
Four stages lower 3 through 1, 0.8, 0.5 and 0, and the entropy weight through &, 0.15(2)/3, 0.015(1)/3
and 1073, a geometric interpolation between the LDD-LP’s weight ¢ = 0.3 maxc and GW’s
schedule. Each stage starts from the solution of the previous one, and the first from the independent
coupling. Each iteration replaces the coupling 7 by the entropic optimal coupling for the cost
(2(1—=B)Ly, + Bc) /(2 — B), the derivative of .J3 (Appendix B.3.1) divided by 2 — /3, which for 3 = 0
is the update of entropic GW [Peyré et al., 2016]. Each stage runs at most 500 iterations, stopping
when the coupling changes by less than 10~ in relative terms, and each iteration solves its transport
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problem by log-domain Sinkhorn iterations to a change of 10~?, in double precision. The result is a
soft coupling 77 € R™*"™ with uniform marginals, and every later step reads only 7), the two samples
and their metric tensors. Every stage with 5 < 1 has the minimiser »* under C1 (Proposition B.17),
so the anneal changes the path but not the minimiser. At the independent coupling, the linearised GW
objective compares points only by their mean distances (Proposition B.18), whereas the first stage
compares their whole LDDs. The anneal helps the solver avoid poor stationary points, but it does not
guarantee the global one.

Standardisation and targets. Before the maps are fitted, each cloud is centred and divided by its
mean norm s,, and the metric tensors are rescaled to SZ G, to match the new coordinates, in which
the maps act. Standardising removes the offset and scale between the two clouds from what the maps
have to learn, and it puts every squared distance in the loss in the same units. The target of z{ is
the point that /) most likely pairs it with, 7 := Z?*(i) with j*(7) = arg max; 7);;, and symmetrically

7';? =z, )" This replaces the barycentric projection of the coupling, with which it coincides at n*.

The two maps of Section 5 are

¢(2) =Wz tv+h(z),  P(w)=Wuwt+v +0(w), (16)
where h and h’ are multilayer perceptrons with two hidden layers of width 128 and GELU activations
[Hendrycks and Gimpel, 2016], whose last layers are initialised at zero [Zhang et al., 2019]. The
affine part starts at the best orthogonal map and translation under the coupling,

. ~ a b2
,Vp) = ar, min i |Qzy +v — 2z, 17
(Qo,vo) 8 heotin sz:n] Ife; il (17)

which has a closed form through one singular value decomposition of the 7)-weighted cross-covariance
[Schénemann, 1966]. So W = Qqg, v = vg, W/ = Q4 and v/ = —Q] vo at the start, and all
parameters are trained, with none shared between the two maps. The coupling is typically right
about regions and wrong about individual representations. A rigid map can be fitted from regional
information and still extrapolate to every representation, since it has too few parameters to follow the
coupling’s local mistakes, and everything after this step corrects it.

The objective is Equation 6, with the average over the n,, training points replaced by an average over
a batch of 256 of them, and likewise for ;. Since G, is known only at the samples, the isometry
term reads it at the point @ of z® nearest to ¢(z%), and no gradient passes through this choice. The
isometry term is the pointwise form of A*g, = g, (Proposition 2.3), and it is the only term that
reads the geometry. It is also small for maps that send representations to the wrong points with the
right local metric, which the fit term penalises by keeping each map close to the coupling’s regional
structure. The cycle term pushes the two maps to undo each other, as A and A~! do. Measure
preservation, the remaining half of an mm-space isomorphism, enters through the uniform marginals
of 7 and through the selection rule below, which counts one-to-one pairs. Both maps are trained
jointly with Adam [Kingma and Ba, 2015] at learning rate 10~ for 3000 steps.

Training and selection without pairs. Before training, we hold out ny = 500 random points of z*
and every point of z” whose largest entry of 7 falls on one of them, so that no held-out point enters
b

the loss. Let mNN(¢; z% — z°) be the fraction of held-out points z¢ for which ¢(z%) and some z;

are each other’s nearest neighbours, and define mNN (1; z" — z?) likewise. At the start and every
250 steps, the pair is scored by

s(6, 1) = %[mNN(d); 2% — 2") + mNN(; 2 — za)}, (18)

and the checkpoint with the largest score is kept, the rigid start included. A measure-preserving map
between two samples of one distribution induces a near-bijection between them, and mNN counts
how much of it a map realises. It reads no pair, and averaging over held-out points keeps it from
rewarding a map that memorised its training points. On disjoint samples no map reaches one, so s
only compares candidates.

Refinement and ranking. The first fit learns from targets that are wrong for many individual
representations, while the pairs that both maps agree on are a smaller and more reliable set. As in
unsupervised word translation [Conneau et al., 2018, Artetxe et al., 2018], we refit on those pairs, the
mutual nearest neighbours under the combined distance

l¢(z¢) — 23]l v (z3) — ¢ |

Wy .
" medy ;v [|o(z) — 25 | medys ;v [|v(23) — 7 |

D(Z’]) =w

19)
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Algorithm 1 NGMA. The input is two samples of representations and the decoder ensembles of both
models. No pair is read.

C?,C? « segment lengths, Equation 15; G, G}, < Equation 14 at every sample point
f) « entropic GW on J, with 3 lowered from 1 to 0 and the regularisation from £y to 103
standardise both clouds; 7%, 7% < the points at the row and column maxima of 7
hold out ng points of z* and the points of z® whose largest entry of 7 falls on them
(Qo, vo) < Equation 17; ¢ < the rigid map, ¢ < its inverse
train (¢, ¢) on Equation 6; keep the checkpoint with the largest s, Equation 18
for up to three rounds do
anchors <— mutual nearest neighbours under D, Equation 19; replace their targets
train (¢, ¥) on Equation 6 with half of each batch from the anchors
end for
return the round with the largest held-out mutual-nearest-neighbour fraction under D

_
TP RIS RN

—

Each weight is proportional to the squared fraction of points whose image under its map is a mutual
nearest neighbour of a point of the other sample, and the two sum to one, so a map that pairs
few points contributes little. These mutual nearest neighbours become anchors. For anchors on
training points the targets are replaced, 7" < zl; and le? « z?, half of every batch is drawn from
the anchors, and both maps are trained for 1000 steps. We run up to three such rounds, stop early
when the number of anchors grows by less than 2%, and keep the round with the largest held-out
mutual-nearest-neighbour fraction under D, the state before the first round included. The kept ¢
aligns any new representation of model a, v aligns in the other direction, and D ranks candidate pairs
between two given samples, which is how test candidates are ranked.

Relation to existing procedures. Procrustes initialisation and refinement on mutual nearest neigh-
bours come from unsupervised word translation [Conneau et al., 2018, Artetxe et al., 2018]. Conneau
et al. [2018] also select models without pairs, by the mean similarity of the translations a map induces,
where we count mutual pairs on held-out points. Fitting both directions with a cycle term follows Zhu
et al. [2017]. GENOT [Klein et al., 2024] also learns a map from GW couplings; other neural GW
methods train the map with a Gromov—Monge gap [Sotiropoulou and Alvarez-Melis, 2024, Uscidda
et al., 2025] or estimate the entropic GW coupling with neural networks [Wang and Goldfeld, 2026].
NGMA differs from them in what the map has to be, an isometry of the two pullback geometries,
which is what the isometry term reads and what Section 2 says the target is.

E Experimental details

E.1 Data on the sphere

Measures. The uniform measure, a vVMF measure with concentration x = 8, and the mix-
ture Ppix of Figure 2: three vVMF components with centres ¢; = (0.556, —0.148,0.818), ¢y =
(0.168,0.594, 0.787), ¢5 = (0.451,0.804, —0.387), concentrations 8, 12, 16 and weights 0.42, 0.33,
0.25. The centres are linearly independent and 49.5°, 75.6° and 100.7° apart, so Ppix satisfies C1
by Proposition B.20. The fourth measure is P,;x with equal weights and concentration 12. It still
satisfies C1, because its centres are linearly independent with distinct pairwise angles, but its LDDs
collide along curves that contain the three antipodal pairs £, with 2 o (¢;+¢;) x ¢ (Appendix C),
so m(t) = 0 at every ¢t. We check both numerically, computing LDDs by one-dimensional quadrature,
since the mass of a cap under a vVMF component depends only on the angle between the cap and the
component’s centre. On the curves the LDDs of the equal-parameter mixture agree to within 10710,
while at the antipodal pairs those of P,y;x differ by 0.03 to 0.16 in sup norm.

Samples and regimes. The alignment is the rotation R by 60° about (0, 1, 1)/v/2. Each side has
n = 2000 points, over ten seeds. With independent samples, z* and z° are drawn independently from
P and R4 P. With permuted samples, zg(i) = Rz¢ for a random permutation o, and C? is C* with

rows and columns permuted by o.

Couplings and landmarks. The LDD-LP and GW are solved on k landmarks per side, chosen
greedily by D-optimal design on the LDDs [Pukelsheim, 2006]. LDDs are evaluated on B = 256
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radii spread evenly over [0, ], the same on both sides. Each step of the design adds the point whose
LDD most increases log det G's, the Gram matrix of the selected LDDs S. Since det Gsyqiy =
det Gg ||hi — Psh;||?, with h; the LDD of point i on the grid of radii and Ps the projection onto
the span of the selected LDDs, each step adds the LDD farthest from that span. The LDDs span
at most B dimensions, so the design orders at most B landmarks. We stop it there, or earlier once
the largest increment falls below 10~7, and continue by farthest-point sampling in the L? distance
between LDDs. Each k takes a prefix of one ordering per side, so in the permutation regime the two
sides choose the same points. On learned representations, NGMA solves the coupling on all sample
points. The LDD-LP uses the cost of Equation 3 on the geodesic distances from each landmark to all
points of its sample, and we solve it exactly by network simplex [Flamary et al., 2021]. In Figure 3b,
NGMA’s coupling is the annealing of Appendix D on the same landmarks, with the LDD-LP’s cost
as its linear term, and entropic GW anneals € over the same four stages without that term. Both cap
the inner Sinkhorn at 1000 iterations per step. We run them on the two mixtures only, and NGMA’s
coupling on independent samples only, since under Py,is and Pyyr no coupling identifies R. All
960 linear programs reached their optimum, and no stage of the 480 GW solves reached its iteration
limit. In one GW coupling (Ppix, £ = 128) the inner Sinkhorn stopped at its iteration limit with
column marginals off by up to 10%. Of the 240 solves of NGMA’s coupling, 91 reached the limit of
500 itera7tions in their last one or two stages, mostly at & = 16-128; all keep their marginals to within
3x 107",

Map and error. We fit the rotation in closed form, as the R € SO(3) minimising 3, i | Rz —
zg’- ||? over the landmark coupling 7, and report the angle of RTR.

Margin test. Figure 3c runs the test of Section 4.1 with N = 512,000 reference points, k£ = 2000
query points, B = 2000 radii and 6 = 0.05, over three seeds, at 129 separations in [0, 7]. It stops at
the largest ¢ at which every measure keeps 1000 query pairs.

E.2 Learned representations: setup

Models. The VAEs on MNIST and FashionMNIST have a four-layer convolutional encoder and
residual upsampling decoders, with a 16-dimensional latent space. On CelebA (64 x 64 images) the
latent space has 32 dimensions. Each model has one encoder and an ensemble of eight decoders.
The loss is the negative ELBO with a KL weight of 16, a Gaussian likelihood with one learned scale
and free bits of 0.25, and the KL weight is warmed up over 100 epochs (30 on CelebA). The prior
is a standard Gaussian or a VampPrior [Tomczak and Welling, 2018] with 500 pseudo-inputs (200
on CelebA). We train with Adamax at learning rate 10~2, batch size 128 (256 on CelebA), for 500
epochs (150 on CelebA), and keep the checkpoint with the best validation ELBO.

Pairings and draws. Each dataset has four models per prior. A same-prior setting aligns the six
pairs among them, and the cross-prior setting four pairs of a VampPrior and a Gaussian model. On
CelebA there are three Gaussian, two VampPrior and two cross-prior pairings. NGMA, Rosetta and
mini-vec2vec run five draws per pairing, the other methods at least two.

Samples. Both samples come from the validation split (6000 images on MNIST and FashionMNIST,
15,000 on CelebA). Disjoint samples split it in two halves of n = 3000 (7500 on CelebA). The
overlap sweep of Figure 6 shares 0, 5, 10, 15, 33, 66 or 100% of the images, with two draws for every
MNIST and FashionMNIST pairing.

Latent geometry. The metric of a model is the ensemble pullback metric of Equation 14 with
K = 8 decoders and exact Jacobians in pixel space [Syrota et al., 2024], and latent distances are the
segment lengths of Equation 15 with 7' = 32.

Couplings. NGMA’s coupling is 7}, computed as in Appendix D. The LDD-LP coupling of Figure 6
uses the cost of Equation 3 on the empirical LDDs, divided by its maximum, with Sinkhorn iterations

at entropy weight 3 x 1074,

Evaluation. Each method maps the test representations of one model onto the other, and we score
retrieval among all test points, 10,000 on MNIST and FashionMNIST and 19,962 on CelebA. R@1
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Figure 5: NGMA on CelebA, every draw of every model pairing (35 draws): R@1 from NGMA'’s
coupling against R@1 from entropic GW alone, on the same samples with the same map. Dotted lines
mark R@1 0.3. 28 draws reach it with NGMA’s coupling and 25 with GW; the coupling recovers 3
draws on which GW fails and loses 0, and no draw is lower by more than 0.004.

is the fraction of queries whose true partner is the nearest candidate, with ties averaged. NGMA
ranks the candidates of a query by the combined distance of Equation 19, which weights both maps
by the squared fraction of mutual nearest neighbours each one reaches on the samples it was fitted
to, so the ranking reads no test pairs. We score every method by this rule. For an orthogonal map
(the rigid map, Rosetta, mini-vec2vec and the final rotation of LFM), the inverse preserves distances,
and RelReps and RelGeo compare both sides in one shared space. In both cases the b — a distances
are the transpose of the a — b ones, so the rule gives their a — b ranking. GENOT-Q’s flow has
no inverse, and we score it ¢ — b. The NGMA ceiling reports the mean R@1 of its two directions.
CSLS@1, R@1 after cross-domain similarity local scaling [Conneau et al., 2018], uses 10 neighbours
on each side and the negative Euclidean distance as similarity. For the baselines on CelebA, it is
computed on a random subsample of 10,000 test points. Means are over model pairings of each
pairing’s mean, and the =+ is the s.d. over all draws. A draw with R@1 below 0.3 counts as failed.

Baselines. The two ceilings are fitted on 3000 true pairs (7500 on CelebA) from the validation split.
The rigid map is an orthogonal map with a translation, fitted to the pairs by Procrustes [Schonemann,
1966]. The NGMA ceiling is NGMA’s map class trained by least squares on the pairs, without
NGMA'’s other loss terms. RelReps [Moschella et al., 2023] represents each point by its cosine
similarities to class-centroid anchors, and RelGeo [Yu et al., 2025] by its distances to them, measured
as straight-segment lengths under the decoder ensemble. On CelebA each of the 40 attributes gives
an anchor at the mean representation of the images that have it. RelReps-Centroid also adds an
anchor for the images that lack it. Latent functional maps (LFM) [Fumero et al., 2024] build a
100-nearest-neighbour graph on each sample, fit a functional map between their first 50 Laplacian
eigenvectors from heat-kernel signatures, class labels or 50 anchor pairs, and end with a rotation
fitted on the matched points. Rosetta [Schnaus et al., 2026] and mini-vec2vec [Dar, 2025] run with
their authors’ code and defaults on centred, unit-normalised representations. GENOT-Q [Klein et al.,
2024] is our implementation: entropic GW with ¢ = 102 on the full samples, with the Euclidean
or the pullback cost, followed by a conditional flow that maps each test point to the mean of eight
samples. We do not report vec2vec [Jha et al., 2025]. Its run and checkpoint were selected on the test
pairs, and it stayed near chance in every setting.

E.3 Learned representations: results

All methods. Tables 2—4 list every method and NGMA variant behind Table 1, with CSLS@1
beside R@]1. Figure 5 compares NGMA'’s coupling with entropic GW alone on every CelebA draw.
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Table 2: Instance retrieval on MNIST from disjoint samples (n = 3,000 per side), every method,
scored as in Table 1. Mean = s.d. is the mean over model pairings (six for Gaussian and VampPrior,
four for cross-prior) of each pairing’s mean, with the s.d. over all draws. NGMA, Rosetta and
mini-vec2vec use five draws per pairing, the other rows at least two. CSLS@1 is top-1 retrieval
under the hubness correction of Conneau et al. [2018]. RelReps uses class-centroid anchors, so
RelReps-Centroid is the same computation as RelReps a — b here and is not repeated. NGMA is
ahead of every baseline not given the true pairs in all three columns: 0.967 against 0.941 (Rosetta),
0.989 against 0.930 (Rosetta), 0.955 against 0.571 (Rosetta). With the cross-prior pair, NGMA from
GW on the Euclidean cost reaches 0.146 and from the LDD-LP coupling 0.894.

Gaussian VampPrior cross-prior

Method R@] CSLS@1 R@] CSLS@1 R@1 CSLs@1

Given the true pairs
NGMA, fitted on the true pairs 0.9984-0.001 0.9994-0.000 1.00040.000 1.0004+0.000  0.999+40.000 1.0004-0.000
Rigid map, fitted on the true pairs 0.95540.021 0.9754+0.014  0.936+£0.008  0.95440.012  0.512+0.021 0.44140.032

Label-informed (class labels or anchors)

RelReps 0.5254+0.069  0.585+0.069  0.29740.082  0.338+£0.096  0.00440.001 0.00740.001
RelGeo 0.5124+0.124  0.564+£0.131 0.55240.235  0.603+0.233  0.319+£0.152  0.3704-0.169
LEM, class labels 0.02440.011 0.0284+0.013  0.100£0.037  0.156+0.054  0.004£0.003  0.00740.003
LFM, 50 paired anchors 0.040+0.026  0.05040.035  0.064+0.082  0.100£0.122  0.004+0.002  0.00540.004
Given no pairs

LFM, unsupervised 0.00040.000  0.000£0.000  0.00440.005  0.006£0.008  0.0004+0.000  0.000£0.000
Rosetta 0.9414+0.028  0.962+0.021 0.930+0.012  0.9524+0.015  0.571+0.021 0.79340.013
mini-vec2vec 0.8494+0.193  0.874£0.186  0.9224+0.011 0.9454+0.013  0.39340.180  0.586+0.248
GENOT-Q, Euclidean cost, a — b 0.002£0.003 - 0.076+0.005 - 0.00140.001 -
GENOT-Q, pullback cost,a — b 0.0334:0.004 - 0.088£0.006 - 0.027+0.002 -
NGMA 0.96740.021 0.986+0.012  0.989£0.012  0.9944+0.008  0.955+0.008  0.988+0.005
NGMA, GW coupling 0.963+0.025  0.98440.015  0.989+0.012  0.99440.008  0.955+0.006  0.988+40.004
NGMA, LDD-LP coupling 0.7414+0.155  0.829+£0.150  0.98140.012  0.991£0.008  0.8944+0.019  0.967£0.009
NGMA, GW on the Euclidean cost ~ 0.9724+0.023  0.987+0.015  0.98440.015  0.991+0.012  0.1464+0.215  0.179+0.247
NGMA, fully Euclidean 0.9494+0.024  0.972£0.016  0.95440.011 0.9724+0.010  0.026£0.034  0.047+0.061

Equivalence and isometry. The two models of a cross-prior pair are far from equivalent (Table 5),
yet their pullback distances agree under the true correspondence, while their Euclidean distances do
not (Table 6). The table compares the distance between two images in one model with their distance
in the other, and counts how often an image has the same nearest neighbour in both models. This is
the situation of Proposition 2.3, which needs a shared data manifold, not equivalent models.

Shared images. Figure 6 shows NGMA’s R@1 against the share of images the two samples have
in common, in every MNIST and FashionMNIST setting. With all images shared, NGMA reaches
0.990-0.999, above the rigid map fitted on the true pairs in every setting. At every share, NGMA has
the highest R@1 of the five methods in every setting (Table 7), including the label-informed RelReps
and RelGeo. Rosetta and mini-vec2vec centre and normalise the codes before fitting their rotation,
so they can exceed that rigid map; Rosetta does in MNIST cross-prior at every share (0.571-0.633
against 0.512).

E.4 Straight segments against geodesics

NGMA measures latent distances by the lengths of straight segments (Equation 15) instead of
geodesic distances, which need an optimisation for every pair. Optimising a path for each of the
n? pairs of a sample is out of reach, so for this comparison we compute geodesics only between
landmarks, 500 points per model chosen by the D-optimal design of Appendix E.1, which picks
points whose LDDs differ as much as possible. Each geodesic starts from the straight segment
between its endpoints, and we optimise its path under Equation 14. Within each model of a Gaussian
and a VampPrior pair of FashionMNIST models, the segments are longer than the geodesics by a
median of 11.5-15.6% and keep their order, with Spearman correlations of 0.974-0.984.

Comparing the two models of a pair needs distances between the same images in both. Both models
of a cross-prior pair encode the same sample of images, but each chooses its landmarks from its
own LDDs, so the two choices differ and share only 67 images. On these images and under the true
correspondence, the distances of the two models correlate at 0.994 with geodesics and at 0.981 with
segments.
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Table 3: Instance retrieval on FashionMNIST from disjoint samples (n = 3,000 per side), every
method, scored as in Table 1. Mean = s.d. is the mean over model pairings (six for Gaussian and
VampPrior, four for cross-prior) of each pairing’s mean, with the s.d. over all draws. NGMA, Rosetta
and mini-vec2vec use five draws per pairing, the other rows at least two. CSLS@1 is top-1 retrieval
under the hubness correction of Conneau et al. [2018]. RelReps uses class-centroid anchors, so
RelReps-Centroid is the same computation as RelReps a — b here and is not repeated. NGMA is
ahead of every baseline not given the true pairs in all three columns: 0.719 against 0.710 (Rosetta),
0.979 against 0.656 (Rosetta), 0.871 against 0.098 (RelGeo). With the cross-prior pair, NGMA from
GW on the Euclidean cost reaches 0.643 and from the LDD-LP coupling 0.614.

Gaussian VampPrior cross-prior

Method R@] CSLS@1 R@] CSLS@1 R@1 CSLs@1

Given the true pairs
NGMA, fitted on the true pairs 0.9974-0.001 0.9994-0.000 1.00040.000 1.0004+0.000  0.998+0.001 0.9994-0.000
Rigid map, fitted on the true pairs 0.7824+0.032  0.846+0.031 0.7474+0.029  0.84740.024  0.071£0.004  0.06240.005

Label-informed (class labels or anchors)

RelReps 0.1514+0.053  0.180£0.059  0.0624+0.013  0.073£0.016  0.00240.001 0.00240.001
RelGeo 0.15940.134  0.182+0.151 0.355+0.131 0.394+0.146  0.0984+0.033  0.123+0.040
LFM, class labels 0.011+0.004  0.014£0.006  0.020+0.010  0.033£0.016  0.00140.001 0.00240.001
LFM, 50 paired anchors 0.060+0.034  0.08040.046  0.029+0.027  0.05140.041 0.00140.001 0.0024-0.001
Given no pairs

LFM, unsupervised 0.0014+0.000  0.001£0.001 0.000+0.000  0.001£0.001 0.00010.000  0.000£0.000
Rosetta 0.7104+0.040  0.761£0.037  0.6561+0.045  0.762£0.044  0.065+0.019  0.178+0.047
mini-vec2vec 0.5044+0.274  0.547+£0.292  0.6244+0.030  0.738£0.028  0.018+0.010  0.044+0.026
GENOT-Q, Euclidean cost, a — b 0.007£0.005 - 0.021+0.012 - 0.00240.002 -
GENOT-Q, pullback cost,a — b 0.0094-0.001 - 0.030£0.002 - 0.006+0.001 -
NGMA 0.719+0.112  0.8124£0.107  0.979+0.027  0.989+0.017  0.871+0.049  0.96540.017
NGMA, GW coupling 0.733+0.107  0.82440.102  0.982+0.023  0.990+0.015  0.872+0.063  0.96440.024
NGMA, LDD-LP coupling 0.2684+0.097  0.340£0.117  0.95340.065  0.971£0.054  0.614+0.076  0.797£0.072
NGMA, GW on the Euclidean cost ~ 0.561+0.317  0.622+0.330  0.91740.198  0.929+0.189  0.6434+0.329  0.738+0.377
NGMA, fully Euclidean 0.5361+0.284  0.593+£0.297  0.8154+0.217  0.862£0.212  0.0514+0.029  0.078+0.045

E.5 The CelebA failures are mirror alignments

Seven CelebA draws fail with NGMA’s coupling and ten with GW alone (Table 1, Figure 5). A
left-right flip permutes pixels, so it preserves distances in the observation space. Since it maps faces
to faces, its restriction to the data manifold preserves d o, and since a face and its mirror image are
about equally likely, it nearly preserves Pa. The flip is then nearly a symmetry of the data mm-space,
Iy Lo flip o f, is nearly an isomorphism of the latent mm-spaces, and C1 nearly fails.

We test this directly. Every test image x is flipped into z’, and both models encode the flipped images.
If a fitted map follows the mirror alignment, it sends the representation of = in one model close to
the representation of #’ in the other. True R@1 scores each map against the representations of the
unflipped images, and mirror R@ 1 against those of the flipped images with 2 as the partner, in each
direction separately. The self-mirror rate of a model is the fraction of images whose own mirror is the
nearest flipped representation, and it measures how far the model keeps a face and its mirror apart.
We score every reported CelebA draw with both couplings, and as controls the Gaussian pairing ab
of MNIST, whose digits are not mirror-symmetric, and of FashionMNIST, whose garments often are.

On every failed draw, with either coupling and in either direction, mirror R@1 is 0.870-0.993 and
true R@1 at most 0.113, and on every successful draw the reverse holds (Table 8). The models keep
a face and its mirror apart, since a face’s own mirror is the nearest flipped representation for only
10-12% of faces. A high mirror R@1 therefore means that the map sends faces to their mirrors, not
that the models confuse the two. On MNIST, mirror R@1 stays below 0.01, and on FashionMNIST it
lies in between. The mirror alignment also explains why the objectives cannot tell failed draws from
successful ones. The flip preserves distances and nearly preserves LDDs, so GW and the LDD-LP
score the mirror alignment almost as well as A, and on the GW couplings the GW objective is
0.0103-0.0108 on failed draws against 0.0104—0.0106 on successful ones.

E.6 scVI models of lung cells

Data. We use the 62,954 cells of the Tabula Sapiens lung measured with 10x 3’ chemistry [The
Tabula Sapiens Consortium, 2022], from four donors with 34 annotated cell types, on the 3000 most
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Table 4: Instance retrieval on CelebA from disjoint samples (n = 7,500 per side), every method,
scored as in Table 1. Mean =+ s.d. is the mean over model pairings (three for Gaussian, two for
VampPrior and two for cross-prior) of each pairing’s mean, with the s.d. over all draws. NGMA,
Rosetta and mini-vec2vec use five draws per pairing, the other rows at least two. CSLS@1 is top-1
retrieval under the hubness correction of Conneau et al. [2018]. NGMA is ahead of every baseline
not given the true pairs in all three columns: 0.804 against 0.567 (Rosetta), 0.818 against 0.616
(mini-vec2vec), 0.818 against 0.757 (Rosetta). With the cross-prior pair, NGMA from GW on the
Euclidean cost reaches 0.006 and from the LDD-LP coupling 0.643. Where a draw of NGMA has
R@1 below 0.3, the parentheses count the draws that reach it. From NGMA’s coupling, 28 of the 35
draws reach it; from GW alone, 25.

Gaussian VampPrior cross-prior
Method R@1 CSLS@1 R@l CSLS@1 R@l CSLs@1
Given the true pairs
NGMA, fitted on the true pairs 0.995+0.000 0.995+0.000 0.996£0.000 0.997+£0.000 0.996£0.000 0.99610.000
Rigid map, fitted on the true pairs 0.993+0.000 0.997+0.000 0.995+0.000 0.998-£0.000 0.990£0.000 0.996+0.000
Label-informed (class labels or anchors)
RelReps-Centroid 0.27040.028 0.352+0.031 0.24910.065 0.305+0.077 0.000£0.000 0.00040.000
RelReps 0.44510.033 0.575+0.030 0.282+0.070 0.3524£0.084 0.000=£0.000 0.00040.000
RelGeo 0.34010.118 0.424+£0.150 0.387+0.139 0.479£0.166 0.220£0.120 0.27840.151
LFM, class labels 0.060+0.015 0.13140.033 0.024+0.008 0.068+£0.019 0.0030.002 0.01240.005
LFM, 50 paired anchors 0.042+0.034 0.10040.075 0.108+0.092 0.247+0.188 0.006£0.004 0.023+0.013
Given no pairs
LFM, unsupervised 0.000£0.000 0.001£0.001 0.000£0.000 0.001£0.000 0.000=£0.000 0.00010.000
Rosetta 0.56740.453 0.586+£0.444 0.365+0.434 0.388+0.421 0.757£0.372 0.79540.367
mini-vec2vec 0.2514+0.353 0.278+0.360 0.616+0.415 0.648-£0.400 0.439+£0.474 0.47540.482
GENOT-Q, Euclidean cost, a — b 0.000+£0.000 - 0.003+0.002 - 0.000=£0.000 -
GENOT-Q, pullback cost, a — b 0.001+£0.000 - 0.00440.002 - 0.001£0.001 -
NGMA 0.80440.375(12/15)  0.814+0.367  0.8184+0.372(8/10)  0.823£0.363  0.818+0.372(8/10)  0.82340.363
NGMA, GW coupling 0.68440.440(10/15)  0.697+0.430  0.8184+0.372(8/10)  0.823+0.362  0.729£0.427(7/10)  0.7361+0.417
NGMA, LDD-LP coupling 0.46710.434 0.515+0.424 0.733£0.328 0.759+0.311 0.643+0.378 0.67010.362
NGMA, GW on the Euclidean cost 0.42440.446 0.458+0.442 0.464+0.457 0.478+0.446 0.006+0.018 0.01040.028
NGMA, fully Euclidean 0.387+0.430 0.423+0.420 0.451+0.464 0.468+0.452 0.000+£0.001 0.00140.002

Table 5: Likelihood and generated distributions of the two models of every pair: the difference of
their importance-weighted IWAE) bounds on 2000 test images (K = 1000 importance samples),
and the squared maximum mean discrepancy (MMD?) between their generated images, and of each
against the data, with the permutation p-value of the first. Ranges over pairings; in the cross-prior
settings a is the VampPrior model. The cross-prior pairs differ by 10.2-25.2 nats, the same-prior pairs
by at most 4.3. The two generators of a cross-prior pair are further apart than the VampPrior model
is from the data on 7 of 8 pairs, and than the Gaussian model is from the data on 0. The MMD test
also tells 18 of 24 same-prior pairs apart (p < 0.05; 0.005 is the smallest p that 200 permutations can
return), so the IWAE gap, not the MMD, is what sets the cross-prior pairs apart. They are isometric
(Table 6) without being equivalent, as Proposition 2.3 allows.

IWAE (nats) Generator MMD? (x 10%)

Setting pairs a—> s.e. avs.b a vs. data b vs. data p
MNIST, Gaussian 6 —4.3-+0.5 0.6-0.8 04-13 8.0-10.5 8.1-8.7 0.005-0.010
MNIST, VampPrior 6 —0.6—+3.9 0.6-0.8 0.8-1.6 2.5-2.7 2.3-29 0.005
MNIST, cross-prior 4 +22.3-+25.2 0.7-0.9 2.6-5.2 2.5-2.7 7.4-8.7 0.005
FashionMNIST, Gaussian 6 —1.0-+1.6 0.3-0.4 0.5-1.2 13.7-16.5 12.7-13.7 0.005-0.055
FashionMNIST, VampPrior 6 —-1.1-40.2 0.3-0.4  0.0-0.7 3.1-3.3 2.6-3.0 0.030-0.428
FashionMNIST, cross-prior 4 +10.2-+11.1 0.5 6.2-7.3 3.1-33 12.7-13.2 0.005

variable genes, as raw counts. The cells are split at random into 10,000 held-out evaluation cells, a
pool of 9000 cells from which the samples are drawn, and two disjoint training halves, each with
nested subsets of 4900, 9800 and 19,600 cells. Every donor appears in every part.

Models and geometry. Each model is scVI [Lopez et al., 2018] with the recipe of the published
Tabula Sapiens lung model: a 20-dimensional latent space, a negative-binomial likelihood with one
dispersion 0, per gene, and 400 epochs. We fit one model per training subset and seed. Models on
different halves see different cells. We keep each encoder and add seven decoders, trained on the
model’s own posterior representations with its likelihood. The data metric is the Fisher metric of the

negative-binomial mean, which is Euclidean in the coordinates y, = 2,/6, asinh (\ /lpg/ 09) at the
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Table 6: Pairwise distances in one model against the same pairs in the other, under the true corre-
spondence, on the samples with 100% overlap (one draw, 1500 representations). Pullback distances
are segment lengths under the decoder ensemble (Equation 15). corr. is the Pearson correlation of
the two distance matrices, scale the factor by which one exceeds the other, and same neighbour the
share of images whose nearest neighbour is the same image in both models. Ranges are over pairings.
Pullback distances agree across all 32 pairs (corr. 0.973-0.996, scale 0.98-1.01). Euclidean distances
do not on the cross-prior pairs, with corr. 0.71, 0.61 and scale 2.92, 5.01 (MNIST, FashionMNIST).
A random pairing gives |corr.| < 0.01.

Pullback distances Euclidean distances
Setting pairs corr. scale same neighbour corr. scale same neighbour
MNIST, Gaussian 6 0.987-0.991  0.98-0.99 0.84-0.87 0.903-0.941  0.99-1.00 0.58-0.63
MNIST, VampPrior 6 0.992-0.994  0.99-1.00 0.86-0.90 0.961-0.973  0.98-1.02 0.74-0.75
MNIST, cross-prior 4 0.976-0.983  1.00-1.01 0.84-0.86 0.696-0.714  2.89-2.95 0.43-0.44
FashionMNIST, Gaussian 6 0.979-0.989 1.00 0.81-0.84 0.905-0.928  0.99-1.00 0.57-0.60
FashionMNIST, VampPrior 6 0.994-0.996  0.98-1.01 0.85-0.86 0.972-0.978  1.00-1.02 0.72-0.77
FashionMNIST, cross-prior 4 0.973-0.976  0.99-1.00 0.79-0.81 0.598-0.623  4.98-5.04 0.31-0.33

median library size [, and latent distances are the segment lengths of Equation 15 with 7" = 10 under
the eight decoders.

Pairs, samples and evaluation. For each training size we align two pairs of models trained on
different cells and two trained on the same cells, on disjoint samples of 3000 cells per side and three
draws per pair, with the settings of Appendix D. Both models encode the same 10,000 evaluation
cells, which gives the true pairs. We report R@ 1 among these cells (chance 10~*) and the cell-type
accuracy of the nearest cell, both scored by the rule of Appendix E.2.

Results. NGMA is above every baseline on all 36 samples, by 0.109-0.298 in R@1, and above
the rigid map fitted on the true pairs on all of them (Table 9). With Euclidean geometry, R@1 stays
below 0.01 on 10 of the 18 draws between models trained on different cells, and with the pullback
metric on none.

Single cells are only partly determined by these models. The map fitted on the true pairs reaches
0.36-0.69, and NGMA 59-72% of it.

Limits. Both models read the same 3000 genes, so any cell can be encoded by both and pairs are
not scarce. The experiment tests whether the two models alone identify the alignment, not a use in
biology. The models have no batch covariate, so their representations carry donor structure, which
both sides share under the random split.

E.7 Compute

Every GPU job ran on one graphics compute die (GCD), with 64 GB of device memory and 40 GB of
host memory, and Table 10 gives the time of each stage for the image experiments. The pullback
distances take nearly all of it. They decode the segment between every pair of points under eight
decoders, so their cost grows as n?; at CelebA’s n = 15000 they take about 810 GPU-hours per
model. The sphere experiments run on a CPU.
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Table 7: R@]1 against the share of images the two samples have in common, every method on every
MNIST and FashionMNIST pairing: the mean over a setting’s pairings of the mean over draws. At
0% the samples are the disjoint samples of Table 1, with five draws per pairing (two for RelReps
and RelGeo); every other share has two draws per pairing. RelReps and RelGeo are label-informed.
Rosetta and mini-vec2vec use no pairs and no labels, like NGMA. The rigid map fitted on the true
pairs does not depend on the share, so each setting’s header gives its R@ 1. Rosetta and mini-vec2vec
centre and normalise the codes before fitting their rotation, so they can exceed it. The best R@1 in
each column of a setting is in bold. NGMA has the highest R@1 in every column of every setting.
On single pairings, a baseline matches or exceeds NGMA at 4 of 896 points (method, pairing, share):
Rosetta on FashionMNIST, Gaussian ac at 0% (0.652 against 0.537); Rosetta on MNIST, Gaussian ac
at 5% (0.921 against 0.917); Rosetta on MNIST, Gaussian ac at 10% (0.926 against 0.919); Rosetta
on MNIST, Gaussian ad at 15% (0.934 against 0.932).

Share of images in common (%)

Method 0 5 10 15 33 66 100
MNIST, Gaussian; rigid map on the true pairs 0.955

NGMA 0.967 0.963 0969 0.982 0.989 0.999 0.999
RelReps 0.525 0.531 0531 0.539 0.549 0573  0.600
RelGeo 0.512 0491 0485 0482 0451 0496 0476
Rosetta 0941 0945 0950 0.952 0956 0.957 0.958

mini-vec2vec  0.849 0.805 0.861 0.792 0.862 0.887 0.945
MNIST, VampPrior; rigid map on the true pairs 0.936

NGMA 0.989 0.992 0988 0.988 0.997 0.998 0.999
RelReps 0.297 0.299 0300 0.299 0301 0.300 0.305
RelGeo 0.552 0.665 0.673 0.661 0.672 0.722 0.759
Rosetta 0930 0927 0929 0929 0931 0930 0.931

mini-vec2vec  0.922 0921 0922 0922 0925 0.926 0.927

MNIST, cross-prior; rigid map on the true pairs 0.512

NGMA 0.955 0.967 0969 0.975 0.985 0.988 0.998
RelReps 0.004 0.003 0.003 0.003 0.002 0.003 0.004
RelGeo 0.319 0351 0353 0342 0349 0347 0.385
Rosetta 0.571 0.581 0.590 0.597 0.615 0.626 0.633

mini-vec2vec  0.393  0.463 0.460 0.407 0520 0.506 0.534

FashionMNIST, Gaussian; rigid map on the true pairs 0.782

NGMA 0.719 0.854 0.883 0.928 0.986 0.996 0.998
RelReps 0.151 0.160 0.161 0.161 0.164 0.172 0.186
RelGeo 0.159 0.148 0.154 0.153 0.159 0.165 0.193
Rosetta 0.710 0.724 0.728 0.732 0.745 0.756 0.764

mini-vec2vec  0.504 0.663 0.582 0.629 0.586 0.652 0.699

FashionMNIST, VampPrior; rigid map on the true pairs 0.747

NGMA 0979 0995 099 0.996 0.997 0.999 0.999
RelReps 0.062 0.062 0.061 0.063 0.065 0.068 0.066
RelGeo 0.355 0354 0363 0369 0385 0411 0435
Rosetta 0.656 0.685 0.689 0.691 0.700 0.705 0.712

mini-vec2vec  0.624  0.639 0.644 0.650 0.662 0.669 0.680
FashionMNIST, cross-prior; rigid map on the true pairs 0.071

NGMA 0.871 0919 0.894 0.941 0.967 0.984 0.990
RelReps 0.002 0.002 0.002 0.002 0.002 0.002 0.002
RelGeo 0.098 0.107 0.101 0.101 0.097 0.104 0.082
Rosetta 0.065 0.073 0.074 0.074 0.079 0.081 0.085

mini-vec2vec  0.018 0.016 0.013 0.016 0.019 0.019 0.025
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=@ NGMA's coupling =O= GW, pullback cost == LDD-LP == GW, Euclidean cost fully Euclidean

Gaussian VampPrior cross-prior
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Figure 6: NGMA’s R@]1 against the share of images the two samples have in common, fitted from
five couplings, every MNIST and FashionMNIST setting. Lines join the means over pairings and
draws, and dots are single draws. At 0% the samples are the disjoint samples of Table 1, with five
draws per pairing; every other share has two. The three GW couplings are plain entropic GW, without
NGMA'’s LDD-LP stages. With all images shared, NGMA’s coupling reaches 0.990-0.999 and GW
on the pullback cost 0.991-0.999 in every setting, and GW on the Euclidean cost reaches 0.353 on
the MNIST cross-prior pair and 0.679 on the FashionMNIST cross-prior pair. The LDD-LP needs
shared images where LDDs are poorly separated, as on FashionMNIST with Gaussian priors (0.268
at 0%, 0.874 at 15% and 0.980 at 33%).

Table 8: The mirror test. Every test image is flipped left to right and encoded by both models. True
R@1 scores the image of a representation under a map against the representations of the unflipped
images, and mirror R@1 against those of the flipped images, with the image’s own mirror as the
partner. The self-mirror rate is the fraction of images whose own mirror is the nearest flipped
representation in the same model. Ranges are over draws. The 70 CelebA alignments are the seven
pairings with draws 1-5, each from NGMA'’s coupling and from GW alone, and a draw fails when its
R@1 is below 0.3. The controls are MNIST and FashionMNIST, Gaussian pairing ab, draws 1-5.

a—b b—a
Draws n true R@1 mirror R@1 true R@1 mirror R@1 self-mirror rate
CelebA, failed draws
NGMA'’s coupling 7 0.054-0.113 0.905-0.992 0.055-0.111 0.910-0.992 0.101-0.116
GW alone 10 0.052-0.113 0.870-0.993 0.053-0.111 0.893-0.993 0.101-0.116
CelebA, successful draws
NGMA'’s coupling 28 0.948-0.995 0.057-0.106 0.947-0.994  0.057-0.103 0.101-0.116
GW alone 25 0.948-0.995 0.057-0.107 0.947-0.994  0.057-0.103 0.101-0.116

Controls, both couplings
MNIST, Gaussian 10 0.873-0916  0.004-0.005  0.891-0.922  0.005-0.006 0.007
FashionMNIST, Gaussian 10 0.595-0.745  0.155-0.210  0.615-0.760  0.176-0.213 0.276-0.305
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Table 9: scVI models of Tabula Sapiens lung cells (Appendix E.6): NGMA against the unpaired
baselines, on the disjoint samples (n = 3000 cells per side) of two models trained on different cells
or on the same cells with different seeds, by training size. Retrieval of the true partner among the
10,000 evaluation cells (R@1, chance 10~%) and cell-type accuracy of the nearest cell (chance 0.124),
scored as in Table 1. GENOT-Q runs on its own GW coupling with the Euclidean cost or with the
pullback cost NGMA uses. NGMA, one decoder, reads the pullback metric of the scVI decoder alone
instead of the ensemble of eight. The last two rows of each block are not methods. They are NGMA'’s
map class and the rigid map, both fitted on the true pairs and scored a — b. Mean = s.d. over two
pairings and three draws; the best method in each column is in bold. TRelGeo builds its anchors from
the cell-type labels of both models.

different cells same cells
Training size 4,900 9,800 19,600 4,900 9,800 19,600
R@]
NGMA 0.2214+0.035 0.369+0.026 0.378+0.015 0.27440.023 0.401+0.031 0.480-+0.016
NGMA, Euclidean 0.11940.064 0.002+0.002 0.04740.066 0.06240.058 0.181+0.118 0.14640.146

NGMA, one decoder 0.195+0.031 0.3484+0.020 0.294+0.075 0.25740.013 0.372+0.050 0.389+0.073

unpaired baselines
Rosetta 0.07740.033 0.141+0.020 0.12840.011 0.08840.024 0.154+0.025 0.21040.010
mini-vec2vec 0.02840.021 0.062+0.065 0.060+0.039 0.02740.035 0.071+0.063 0.12440.027
GENOT-Q, Eucl. cost 0.02840.019 0.001+0.001 0.002+0.003 0.02040.016 0.007+0.010 0.015+40.015
GENOT-Q, pullback cost 0.02440.007 0.030+0.001 0.02740.001 0.02840.002 0.033+0.005 0.0324-0.002

label-informed

RelGeo! 0.02740.005 0.045+0.012 0.047+0.013 0.0364-0.005 0.059+0.009 0.05140.024
fitted on the true pairs

map 0.363+0.036  0.51040.005 0.624+0.009 0.46640.019 0.621+0.011 0.69240.007

rigid map 0.099+40.029 0.18540.006 0.18140.003 0.11040.020 0.179+0.014 0.254+0.007

cell-type accuracy

NGMA 0.891+0.023 0.924+0.008 0.931+0.006 0.893+0.011 0.911+0.016 0.938+0.014

NGMA, Euclidean 0.70140.305 0.062+0.052 0.449+0.278 0.56740.239 0.667+0.209 0.44340.423

NGMA, one decoder 0.88340.025 0.923+0.006 0.897+0.046 0.897+0.008 0.914+0.019 0.915+40.034

unpaired baselines
Rosetta 0.77340.028 0.775+0.044 0.789+40.015 0.76640.048 0.774+0.008 0.81440.019
mini-vec2vec 0.56340.169 0.577+0.205 0.63640.155 0.48740.245 0.497+0.288 0.72740.079
GENOT-Q, Eucl. cost 0.63340.193 0.144+0.100 0.346+0.282 0.55140.240 0.337+0.271 0.39740.350
GENOT-Q, pullback cost 0.77740.014 0.774+0.018 0.76840.003 0.77340.003 0.771£0.015 0.7684-0.007

label-informed

RelGeo' 0.825+0.013 0.848+0.027 0.852+0.011 0.84540.011 0.858+0.008 0.854+0.007
fitted on the true pairs

map 0.935+0.006 0.95040.001 0.960+0.003 0.94340.002 0.96040.002 0.968+0.001

rigid map 0.79340.025 0.80040.035 0.8204+0.010 0.8024+0.017 0.7924+0.006 0.82540.019

Table 10: Compute per stage, in hours on one GPU: one GCD of an AMD Instinct MI250X, which
has two and which the software sees as two GPUs. Distances are pullback distances under the 8-
decoder ensemble between all n images a model encodes (n = 6000 for MNIST and FashionMNIST,
n = 15000 for CelebA, of which each draw uses 7500); jobs split by rows compute each pair twice,
the upper end of the MNIST/FashionMNIST range. The whole project, development included, used
about 50 000 GPU-hours.

Stage MNIST, FashionMNIST CelebA
VAE training, per model 3 16-25
Pullback distances, per model 9-18 810
Coupling, per draw 0.02-0.2  0.05-2.3
Map fit and evaluation, per draw 0.1-0.25 0.35-0.75
One pair of models, one draw 25-43 1700
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